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0.1 Introduction

Many problems in machine learning and scientific computing involve signals that
are fundamentally continuous. Images describe visual quantities over spatial coor-
dinates, physical simulations represent fields that vary over space and time, and
three-dimensional scenes define properties such as geometry and appearance through-
out continuous space. Although these signals are typically observed through finite
collections of measurements, the underlying object of interest can often be viewed as

a function

f: X =),

where coordinates x € X may represent spatial locations, time, viewing directions,
or combinations thereof, and f(x) describes the corresponding signal value.

Learning from such signals presents several closely related challenges. First, the
signal must be represented in a form that is both compact and expressive. Second,
this representation should allow reconstruction from observations that may be sparse,
irregularly sampled, or noisy. Finally, because incomplete observations generally do
not uniquely determine the underlying signal, a useful model should characterize the
uncertainty over plausible reconstructions rather than producing only a single deter-
ministic prediction. These questions—representation, reconstruction, and probabilistic
inference of continuous signals—form the central theme of this thesis.

Traditional machine-learning systems often operate on signals after discretizing
them onto fixed grids. Images are represented as arrays of pixels, three-dimensional
data through voxels or point clouds, and physical quantities on simulation meshes.
Such representations are convenient because they are compatible with established
neural architectures, but they tie the representation to a particular resolution and
sampling pattern. This can become limiting when measurements are sparse, irregularly
distributed, or collected at resolutions that differ from those used during training, as
frequently occurs in scientific and inverse problems.

A different perspective has emerged through Implicit Neural Representations

XXV



(INRs), also referred to as Neural Fields (NFs), which represent a signal directly
as a continuous coordinate-conditioned function. Rather than explicitly storing its
value at every discretized location, a neural network maps a queried coordinate to
the corresponding signal value. Methods such as SIREN Sitzmann et al. [2020a]
demonstrated that coordinate-based networks can represent complex, high-frequency
signals, while Neural Radiance Fields (NeRFs) Mildenhall et al. [2020] showed the
effectiveness of this paradigm for representing the geometry and appearance of three-
dimensional scenes. Neural fields have since been adopted across image representation,

scientific data, medical reconstruction, and three-dimensional modeling.

A major question arising from this paradigm is how to move from representing
individual signals to learning reusable representations across entire collections of
signals. Standard neural fields often require fitting a separate network for every
instance. Conditional neural fields instead share a decoder while associating each
instance with a lower-dimensional latent representation. Auto-decoding approaches
such as Functa Dupont et al. [2022], as well as related methods for three-dimensional
scene representation and generation, demonstrated that such latent spaces can provide
compact representations suitable for subsequent learning tasks. More recent work
has explored spatially structured latent representations Bauer et al. [2023] as well
as attention-based approaches for reusable implicit representations Chen and Wang

[2022], Kim et al. [2023].

At the same time, the success of Transformer architectures Vaswani et al. [2017a] has
demonstrated the advantages of representing complex data through sets or sequences
of learned tokens. Tokenized representations provide a structured interface through
which information can be exchanged using attention and have become a fundamental
building block of modern machine-learning systems. For continuous signals, however,
tokenization is commonly inherited from an underlying discretization, for example
through image patches or spatial grids. Extending the structured token-based view to
continuous signals without first imposing such a discretization motivates one of the

central representation problems considered in this thesis.

Representation alone, however, does not address an equally important property of

XXVI



continuous reconstruction problems: uncertainty. Given only a subset of observations

Dctx - {(CU'M yz)}i\ila

there may be many functions that agree with the observed values while differing
substantially at unobserved locations. This ambiguity is particularly pronounced in
inverse problems such as three-dimensional reconstruction from a small number of
images, reconstruction of physical fields from sparse measurements, or prediction at
unobserved spatial and temporal locations. Producing a single estimate may conceal
this ambiguity, whereas probabilistic inference aims to characterize a distribution over

plausible underlying signals.

Gaussian Processes (GPs) Rasmussen and Williams [2006] provide a classical
Bayesian formulation of this problem by defining distributions directly over functions.
Their principled treatment of uncertainty makes them particularly attractive for
prediction from sparse observations. However, exact Gaussian Process inference
becomes computationally expensive as the number of observations grows, and their

behavior is strongly determined by the choice of kernel.

Neural Processes (NPs) Garnelo et al. [2018b,a] were introduced as learned al-
ternatives that combine the probabilistic function-space perspective of Gaussian
Processes with amortized neural prediction. Given a collection of observed context
points, Neural Processes learn to predict distributions over function values at arbitrary
target locations. Subsequent developments have increased their capacity through
attention mechanisms Kim et al. [2019b], convolutional architectures Gordon et al.
[2019], Gaussian predictive formulations, and more expressive autoregressive and
Transformer-based models Bruinsma et al. [2023], Nguyen and Grover [2022]. These
developments have established Neural Processes as a flexible framework for prediction

and uncertainty estimation over families of continuous functions.

In parallel, generative modeling has undergone rapid development. Denoising
diffusion models Ho et al. [2020] and score-based generative models Song et al. [2020]

learn expressive probability distributions through iterative transformations involving
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progressively corrupted versions of the data. Beyond unconditional generation, these
models have also become powerful priors for inverse problems, where observations
can be incorporated into the sampling procedure to generate multiple reconstructions
consistent with the available evidence Chung et al. [2023], Kawar et al. [2022]. This
perspective is particularly relevant when an observation admits several plausible expla-
nations and therefore naturally connects modern generative models with probabilistic

reconstruction.

More recently, these ideas have been extended from finite-dimensional data such
as images to distributions over functions. Neural Diffusion Processes Dutordoir et al.
[2023] and Diffusion-Augmented Neural Processes Bonito et al. [2023] incorporate
diffusion-based generative modeling into the Neural Process framework. Infinite-
dimensional diffusion models Pidstrigach et al. [2023] explore score-based generative
modeling directly over continuous function spaces. These developments reflect a
broader trend toward combining the flexibility of modern generative models with

models whose basic objects are functions rather than fixed-dimensional vectors.

Flow-based generative modeling provides a closely related perspective. Flow
Matching Lipman et al. [2022], Rectified Flow Liu et al. [2022], and stochastic-
interpolant formulations Albergo et al. [2023] describe generation through continuous
probability trajectories that transport samples from a simple reference distribution
toward a complex data distribution. Instead of learning the score of a noisy distribution,
these approaches can directly learn a velocity field governing the evolution of samples
along the probability path. Once learned, the corresponding ordinary differential
equation can be integrated to generate samples and, in suitable formulations, evaluate
likelihoods. Functional Flow Matching Kerrigan et al. [2024] has further extended this

perspective toward generative modeling over function spaces.

The expressive power of diffusion- and flow-based models comes with an important
computational limitation. Sample generation normally requires an iterative denoising
procedure or numerical integration of a probability-flow trajectory, involving repeated
evaluations of a large neural network. Consequently, considerable recent work has

focused on reducing the number of inference steps. Some approaches improve the
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numerical integration procedure, whereas others alter the learned dynamics or train
models specifically for coarse transitions. Consistency Models Song et al. [2023]
learn mappings that permit high-quality generation using very few evaluations. Flow-
map formulations Boffi et al. [2024] shift the learning problem from predicting only
an instantaneous velocity to predicting transformations over finite portions of the
trajectory. Shortcut Models Frans et al. [2025] condition the learned transformation
on the desired step size and use self-consistency to learn increasingly large transitions,
while MeanFlow Geng et al. [2025] provides another recent formulation aimed at
one-step generative modeling.

These developments suggest that learning continuous signals can increasingly be
approached through the interaction of three ideas: continuous coordinate-based repre-
sentations, structured learned representations shared across instances, and expressive
generative models for probabilistic inference. This thesis investigates different points
at which these ideas interact, with the broader objective of developing neural models
that can compactly represent continuous signals, reconstruct them from incomplete

observations, and reason about the uncertainty that remains.

0.2 Thesis Overview

This thesis is organized around three paper-based chapters developed during the
course of the PhD. The works comprising the thesis have been disseminated through
peer-reviewed workshop publications and journal submissions. The work underlying
Chapter 1 was accepted and presented as a poster at the ICLR 2025 workshop:
Frontiers in Probabilistic Inference: Sampling Meets Learning (Singapore). The work
presented in Chapter 2 was accepted and presented as a poster at the NeurIPS 2025
workshop: Structured Probabilistic Inference € Generative Modeling (San Diego, CA,
USA), and was subsequently submitted in an extended form to Machine Learning:
Science and Technology (MLST). Chapter 3 combines two related works: Flow
Neural Processes (FlowNP), which was accepted and presented as a poster at NeurIPS

2025 (San Diego, CA, USA), and Direct Flow Neural Processes (D-FlowNP), which
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was accepted and presented as a poster at the ICML 2026 workshop: Structured
Probabilistic Inference € Generative Modeling (Seoul, South Korea). FlowNP and D-
FlowNP were subsequently combined into an extended journal manuscript submitted
to Machine Learning: Science and Technology (MLST).

Together, the three chapters approach the modeling of continuous signals from
complementary directions and progressively move from a domain-specific probabilistic
reconstruction problem toward more general frameworks for continuous representation

and probabilistic inference.

Chapter 1: Probabilistic 3D Reconstruction via Latent Posterior Sampling.
The work presented in this chapter considers three-dimensional reconstruction as an
inherently uncertain inference problem. Reconstructing a complete 3D scene from
limited observations is ill-posed: multiple scenes may explain the same image, sparse
set of pixels, or depth measurements. This ambiguity motivates moving beyond the
conventional goal of predicting a single reconstruction.

The proposed approach combines a neural-field-based representation of 3D scenes
with a learned generative prior over their latent representations. A shared conditional
neural field reconstructs a scene from its latent representation, while a diffusion model
Ho et al. [2020] learns the distribution of latent representations across the training
data. At inference time, the generative prior is combined with the reconstruction
likelihood to perform posterior sampling conditioned on the available observations.
This allows the model to generate multiple plausible three-dimensional reconstructions
and explicitly represent uncertainty in regions that are weakly constrained by the
observations.

The chapter therefore combines two developments that had largely progressed in
parallel: neural fields for continuous three-dimensional representation and diffusion
models for expressive probabilistic modeling. Neural radiance fields Mildenhall et al.
[2020] and conditional neural-field approaches had demonstrated powerful continu-
ous representations of three-dimensional scenes, while diffusion models had shown

that learned generative priors could support posterior inference in inverse problems
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Graikos et al. [2022], Chung et al. [2023]. By performing probabilistic inference
directly over a latent three-dimensional representation, this chapter demonstrates how
these components can be combined to reason about the inherent ambiguity of 3D
reconstruction.

This first study also exposes a broader representation question. The ability to
perform effective reconstruction and probabilistic reasoning depends strongly on the
space in which the underlying signal is represented. Compact global latent vectors are
attractive for generative modeling, but aggressive compression may discard localized
structure. Spatial representations preserve locality but frequently introduce assump-
tions about dimensionality, resolution, or geometry. These observations motivate the
investigation of a more general and structured representation of continuous signals in

the second chapter.

Chapter 2: Tokenized Neural Fields: Structured Representations of Contin-
uous Signals. This chapter addresses the representation problem directly by intro-
ducing Tokenized Neural Fields (TNF), in which each continuous signal is represented
by a compact set of learnable tokens together with a shared coordinate-conditioned
decoder.

TNF combines ideas from conditional neural fields and token-based neural ar-
chitectures. Like auto-decoding approaches such as Functa Dupont et al. [2022],
the representation of each signal is learned jointly with a decoder shared across the
dataset. However, rather than compressing the signal into a single global latent
vector or imposing a predefined spatial latent structure Bauer et al. [2023], TNF
represents each instance as a set of tokens. Coordinate queries interact with these
tokens through cross-attention, allowing the decoder to reconstruct signal values at
arbitrary continuous coordinates.

Importantly, the tokens are not obtained by dividing the signal into predefined
image patches, grid cells, or voxels. Instead, they are directly optimized from the
available observations. Their organization is therefore learned from the data rather

than prescribed by the discretization of the input. This provides a representation that
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can naturally operate on sparse and non-uniformly sampled observations while retaining
the structured form that makes token representations attractive for downstream neural
processing.

The chapter studies this representation across several continuous domains, includ-
ing one-dimensional functions, two-dimensional physical fields, weather data, natural
images, and three-dimensional scenes. Across these settings, the same basic formula-
tion can be used despite differences in dimensionality and sampling structure. The
learned tokens also provide a compact latent space on which generative models can
operate, connecting continuous neural representations with the token-based generative
architectures that have become increasingly prevalent in modern machine learning.

Whereas Chapter 1 focuses on performing probabilistic inference within a particular
latent representation of three-dimensional scenes, Chapter 2 therefore takes a broader
view and asks how continuous signals themselves should be represented. It establishes
a structured representation that lies between two common extremes: an entire neural
network fitted independently to every signal and a single global latent vector that

summarizes the signal as a whole.

Chapter 3: Flow Neural Processes: Efficient Probabilistic Inference via
Amortized Probability Flows. This chapter combines two closely related works
developed sequentially during the PhD: Flow Neural Processes (FlowNP), The and
Direct Flow Neural Processes (D-FlowNP).

The chapter returns to probabilistic inference, but at the general level of continuous
functions rather than a particular three-dimensional latent representation. It builds
on the Neural Process framework Garnelo et al. [2018b], in which a model receives
arbitrary sets of observed context points and predicts a distribution over function
values at arbitrary target locations.

Existing Neural Process formulations exhibit different trade-offs between compu-
tational efficiency and the expressiveness of their predictive distributions. Simple
conditional models provide efficient inference but may represent uncertainty inade-

quately, while autoregressive approaches such as Transformer Neural Processes Nguyen
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and Grover [2022] can represent richer dependencies at the cost of sequential generation.
Diffusion-based Neural Processes Dutordoir et al. [2023], Bonito et al. [2023] demon-
strate that modern generative models can provide more expressive function-space

distributions, but introduce iterative inference.

The first part of the chapter introduces Flow Neural Processes (FlowNP), which
formulate conditional function inference through Flow Matching Lipman et al. [2022].
Rather than directly parameterizing a simple predictive distribution, FlowNP learns a
context-conditioned velocity field that transports an initial noise distribution toward
the conditional distribution of target function values. Context observations remain
fixed while target values evolve along the learned probability flow. This formula-
tion supports coherent posterior sampling, uncertainty quantification, and likelihood
evaluation within a single probabilistic framework while generating all target values
jointly.

The flexibility of the model allows the same formulation to be applied to synthetic
Gaussian Processes, image completion, weather fields, Navier—Stokes simulations, and
black-hole imaging. In this sense, FlowNP provides a general probabilistic counterpart
to the representation perspective developed in Chapter 2: rather than designing
a probabilistic model for one particular signal modality, the objective is to model

distributions over arbitrary continuous functions conditioned on sparse observations.

However, FlowNP inherits the primary computational limitation of continuous flow
models. Generating a posterior sample requires numerically integrating the learned
probability-flow ODE, and the quality of the resulting sample depends on the number
of network evaluations used during integration. This becomes particularly restrictive
in applications requiring repeated posterior queries, such as Bayesian optimization,
active learning, and uncertainty-aware decision making.

The second part of the chapter introduces Direct Flow Neural Processes (D-
FlowNP), which amortize the integration process itself. Inspired by recent work
on learned flow maps Boffi et al. [2024] and Shortcut Models Frans et al. [2025],
D-FlowNP conditions the model on the desired integration step size and introduces

a self-consistency objective in which a single large transition is trained to reproduce
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the result of multiple smaller transitions. The model consequently learns not only the
instantaneous direction of the probability flow but also how to traverse larger portions
of its trajectory directly.

This step amortization substantially reduces the number of function evaluations
required for posterior generation, allowing accurate one-step and few-step sampling
while preserving the expressive probabilistic behavior of FlowNP. The chapter therefore
addresses both sides of a central trade-off in modern generative inference: increasing
distributional expressiveness while retaining the computational efficiency necessary
for practical downstream use.

Taken together, the three chapters study complementary components of a common
problem. Chapter 1 demonstrates why probabilistic modeling is important when
reconstructing complex continuous objects from incomplete observations and explores
posterior inference over learned latent representations. Chapter 2 investigates how
continuous signals can be represented compactly and structurally without relying
on fixed discretizations. Chapter 3 develops a general framework for expressive
probabilistic inference over functions and then addresses the computational cost
introduced by such generative inference.

Collectively, the thesis advances neural approaches for representing, reconstructing,
and performing efficient probabilistic inference over continuous signals. The progression
from latent posterior inference in a specific continuous domain, through structured
representations applicable across domains, to general and computationally efficient
probabilistic function inference reflects a common objective: enabling neural models
to operate on continuous data in a manner that is flexible with respect to sampling,

expressive with respect to uncertainty, and practical in terms of computational cost.
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Chapter 1

Probabilistic 3D Reconstruction via

Latent Posterior Sampling



Abstract

The remarkable achievements of both generative models of 2D images and neural
field representations for 3D scenes present a compelling opportunity to integrate the
strengths of both approaches. In this work, we propose a methodology that combines
a NeRF-based representation of 3D scenes with probabilistic modeling and reasoning
using diffusion models. We view 3D reconstruction as a perception problem with
inherent uncertainty that can thereby benefit from probabilistic inference methods.
The core idea is to represent the 3D scene as a stochastic latent variable for which we
can learn a prior and use it to perform posterior inference given a set of observations.
We formulate posterior sampling using the score-based inference method of diffusion
models in conjunction with a likelihood term computed from a reconstruction model
that includes volumetric rendering. We train the model using a two-stage process:
first we train the reconstruction model while auto-decoding the latent representations
for a dataset of 3D scenes, and then we train the prior over the latents using a
diffusion model. By using the model to generate samples from the posterior we
demonstrate that various 3D reconstruction tasks can be performed, differing by the
type of observation used as inputs. We showcase reconstruction from single-view,
multi-view, noisy images, sparse pixels, and sparse depth data. These observations
vary in the amount of information they provide for the scene and we show that our
method can model the varying levels of inherent uncertainty associated with each task.
Our experiments illustrate that this approach yields a comprehensive method capable
of accurately predicting 3D structure from diverse types of observations.

1.1 Introduction

3D prediction using neural networks [Mildenhall et al., 2020, Sitzmann et al., 2019,
Park et al., 2019] has garnered significant attention, tackling two main challenges: 3D
reconstruction (predicting 3D representations from limited observations) and 3D
generation (sampling new 3D scenes using generative models conditioned on signals
like text or images). While 3D generation employs probabilistic generative models,
3D reconstruction is in most cases an ill-posed problem that requires incorporating
prior knowledge and could therefore benefit from probabilistic inference methods.

In this work, we propose a probabilistic framework for 3D reconstruction. By
combining a generative prior over latent 3D representations with a likelihood term
from a reconstruction model, our approach predicts the full posterior distribution of
a scene’s 3D structure given sparse or noisy observations. This framework leverages a

volumetric renderer based on a shared conditional neural field (CNF), trained in two
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Figure 1-1: Examples of various 3D prediction tasks performed by generating posterior
samples with our method. For each task we show the observation, three samples of the
scene and an uncertainty map computed from the variance of 10 samples. Two different
views are shown in subsequent rows. Top: reconstruction from half of an image. The
variance is high in the hidden half of the scene. Middle: reconstruction from only a
few pixels (5% of a single image). Bottom: reconstruction from a few depth values
(5% of a full depth image from a single direction). Samples and uncertainty map
suggest sparse depth is enough to reconstruct the 3D shape and uncertainty remains
only about color.

stages:

1. Auto-decoding optimizes the shared CNF and latent representations for scenes

in the training set.

2. A diffusion model captures the prior distribution over the latent representa-

tions.

Our method uses a tri-plane latent structure [Chan et al., 2021, Chen et al., 2022]
for efficient representation, balancing global and local 3D information. Diffusion-based
posterior sampling, guided by reconstruction gradients, enables probabilistic reasoning
and uncertainty quantification. In contrast to previous work suggesting amortizing

posterior inference [Kosiorek et al., 2021a] in a variational autencoder setting, which
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experimentally demonstrated only limited results. By guiding the Langevin sampling
with the gradient of the reconstruction model we combine the strength of two recently
successful methods (1) iterative sampling with diffusion models and (2) gradient based
optimization for translating observations to 3D representations.

We validate our method on tasks like single-view reconstruction, reconstruction
from sparse pixels or depth, and noisy observations, demonstrating improved coverage
of ground truth structures and generating uncertainty maps for unobserved regions.

Our contributions are as follows:

1. A probabilistic framework for 3D reconstruction, leveraging a diffusion prior and

NeRF-based decoder.

2. A two-stage training approach: auto-decoding latent 3D representations and

training a diffusion model as a prior.

3. Demonstrations on diverse 3D reconstruction tasks, showcasing robustness to

sparse and noisy observations.

4. Enhanced reconstruction quality and uncertainty quantification through posterior

sampling.

All code, models, and data will be released upon publication.

1.2 Related Work

Latent variable models over 3D scenes Early approaches like GQN [Eslami et al.,
2018] used variational autoencoders for probabilistic reasoning in simple 3D scenes but
lacked specialized 3D geometry. Later, NeRF-based models [Kosiorek et al., 2021b]
integrated rendering pipelines but did not fully leverage NeRF’s capacity for complex
scenes. Our work advances this by replacing amortized inference with high-capacity
diffusion models and Langevin posterior sampling. Other efforts [Shen et al., 2022,
Stinderhauf et al., 2022, Goli et al., 2023] modeled uncertainty but lacked data-driven

priors like ours.



Generating 3D with 2D Generative models Given limited 3D ground truth
data, several works [Poole et al., 2022, Watson et al., 2022, Liu et al., 2023] use
pretrained 2D diffusion models to infer 3D representations. In a similar approach, Liu
et al. [2024] use a 2D prior to compute 3D uncertainty maps. While these approaches
achieve impressive generative visual results, they do not explicitly reason about the 3D
structure of the scene, which leads to less consistency in generation (see experiment
in Sec. 1.7.4 in the appendix) and prevents them from performing the full range of 3D

probabilistic reasoning tasks, e.g. reconstruction from depth information.

Generative models of observed 3D representations Despite data scarcity,
some works [Shue et al., 2022, Erkog et al., 2023] train diffusion models directly on 3D
datasets using representations like tri-planes or neural fields. Our approach uniquely

avoids reliance on 3D ground truth, using only 2D datasets to generate 3D scenes.

Generative models of latent 3D representations Inspired by [Dupont et al.,
2022], we enhance conditional neural fields (CNFs) with a compressed tri-plane repre-
sentation and diffusion-based posterior sampling. Similar models [Bautista et al., 2022,
Yang et al., 2023] focus on generative tasks rather than reconstruction, while [Chen
et al., 2023] unify training stages but lack our latent compression. Concurrent work [Le

et al., 2024] explores full posterior inference but with different objectives.

The concurrent work of Le et al. [2024] shares a similar motivation to ours. It
focuses on specific type of noisy observations using a 3D modeling of the corruption
field, and extensively demonstrate the advantages of the full posterior distribution
over the maximum only (MAP inference). In Zhang et al. [2024a] a 3D generative
model is trained based on a Gaussian splatting representation which could also be

combined with posterior sampling in future research.



1.3 Background

1.3.1 Auto-decoding 3D representations

Recent advances in 3D scene representation have leveraged deep neural networks.
NeRF [Mildenhall et al., 2020] introduced a method to reconstruct 3D scenes by
training a neural network on multi-view images, requiring separate models for each
scene. Subsequent work, such as PixelNeRF [Yu et al., 2021] and IBRNet [Wang
et al., 2021], developed generalizable models that integrate prior knowledge of 3D
scenes, reducing the number of views needed. These models often rely on conditional
neural fields (CNFs), where a shared neural field is conditioned on scene-specific

representations.

Recent studies [Dupont et al., 2022, Bautista et al., 2022, Chen et al., 2023, Yang
et al., 2023] proposed the use of CNFs to train representations of scenes that can later
be used in downstream tasks. Such models use an auto-decoding approach [Bojanowski
et al., 2019, Park et al., 2019], where the representations are optimized for each scene

concurrently with the training of the shared CNF.

Tri-plane representations [Chan et al., 2021, Chen et al., 2022] have proven effective,
maintaining spatial structure and balancing global and local information. These
representations condition the CNF by interpolating queried 3D positions across

orthogonal planes, as shown in Fig. 1-2.

1.3.2 Posterior sampling with diffusion models

Diffusion models, such as Denoising Diffusion Probabilistic Models (DDPM)[Ho et al.,
2020], generate high-quality samples by reversing a forward diffusion process that
progressively adds noise. Many different variants [Sohl-Dickstein et al., 2015, Song
et al., 2020] use U-Net architectures [Ronneberger et al., 2015] to predict noise and

iteratively refine samples. Given a noisy input x;, the denoised sample x;_; and the
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clean estimate Zy are computed as:

1 1—oy =
Ti—1 ~~ N Ty — —F7——=6€9\ Ty, y Mt )
<\/Oé_t< = t>> 6I> (1.1)

To(xy, t) = \/1&_t (a:t — \/1—7@69(1},15)) )

Where, a; = Hé:o ag and Bt is the noise variance. Diffusion models are widely
used as priors for image restoration tasks (e.g., denoising, inpainting) [Choi et al.,

2021, Chung et al., 2023, Kawar et al., 2022], with posterior sampling defined as:

Vi, log pi(xi]y) = Vi, log pi(xs) + Vi, log pe(y|ay) (1.2)

This approach combines the prior score V,, log pi(x;) with the likelihood gradient
V., log pi(y|zy), often referred to as guidance. While exact likelihoods typically depend

on clean images ¢, approximations have been proposed, as detailed in Sec. 1.4.3.

1.4 Method

In this section we describe our method both at training time and at inference time.
Training is based on two stages: (1) training the reconstruction model (RM) while
optimizing the latent representation of the training scenes (auto-decoding), and (2)
training a diffusion model over the latents as a prior. At inference time we use the
trained prior and the reconstruction model to perform posterior sampling of the latents.

For all implementation details please refer to Sec. 1.7.2 in the appendix.

1.4.1 Training the representation and reconstruction

The reconstruction model is a CNF followed by a volumetric renderer. Conditioned
on a scene representation, the CNF predicts the values of 3D positions within the
scene that are subsequently used by the volumetric renderer. The CNF is trained
while concurrently auto-decoding the representation of each scene. The role of the

reconstruction model is to form a mapping from the representation vectors to the
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Figure 1-2: The reconstruction model mapping latent representations to images of a
3D scene. The latent decoder D1 maps the latent vector z; corresponding to scene ¢
into three multichannel planes (tri-planes) {71;, Ts;, T5;}. Given an image and a camera
position from which the image was taken, a ray is projected onto the scene from each
pixel of the image, and multiple 3D points are sampled along the ray. Each 3D point
pj, is projected onto the multichannel tri-planes where each plane produces a feature
vector f; using bilinear interpolation. The three feature vectors are concatenated to
form one feature vector f7, and the decoder D2 is used to produce RGB and o values
for each 3D point along the ray. Volumetric rendering is then used to generate a single
RGB value to be compared to the ground truth value of the pixel in the image.

values of the observations, i.e. image pixels, and also serve as the model through
which the representation is optimized, effectively mapping the 3D scene observations

back into the representation.

The model is depicted in Fig. 1-2. The latent vector z; € R?, corresponding to the
i-th scene, is first reshaped into a 2D map of shape r x r x ¢. The latent decoder
D1 decodes z; into a 3D tensor T € RE*F*3C ysing a series of ResNet blocks. T is
reshaped to form a tri-plane representation Ti;, Ts;, Ts; € RF*F*C The tri-planes
structure is used for reconstruction as follows: given an image of a scene, rays are
projected from each pixel into the 3D scene, and multiple 3D points are sampled
along each ray. Each 3D point is projected onto the tri-planes, and using bi-linear
interpolation, each plane produces a single corresponding feature vector f € RC.
The three feature vectors are concatenated to form f*. The decoder D2, an MLP,
transforms f* into RG B and o values for the corresponding 3D position. This process

is repeated for all 3D points along the ray and volumetric rendering is applied on



the ray’s points to generate a single RGB value for the pixel from which the ray was

projected into the scene.

The reconstruction model (RM) and the latents are trained using the auto-decoding
approach as following: at each training iteration, a minibatch of scenes B is randomly
selected along with the corresponding latent vectors, where for each scene a random set
of images, and random set of pixels within the images are used. The minibatch is used
to apply a forward pass of the reconstruction model on the latents, and backpropagate
the loss between the model’s output and ground-truth pixel values to all network

weights and latent values.

Lree=2_ > llv — RMy(z)| (1.3)

ieBxeX;

where B is a random minibatch of scenes, and A& is a random set of pixels from a random
set of images from each scene i. The network weights are updated using 0L,../0¢,
and the latents are updated using 0L,../0z;. In this way the latent representation
for each scene is optimized while the network weights converge to their final values.
For all experiments in the paper we use a latent dimension of 1024, which forms a
highly compressed representation of the scenes. For more implementation details, see

Sec. 1.7.2 in the appendix.

Fig. 1-3 shows examples of reconstruction for a few selected scenes using two
models that were trained on the SRN Cars [Sitzmann et al., 2019] and Objaverse-lvis
chair category [Deitke et al., 2022]. See Sec. 1.7.1 in the appendix for details about
the datasets.

After training the reconstruction models, 125 images of held-out test scenes are
used to optimize the scene latents while freezing the reconstruction model’s weights,
and the latents are then used to reconstruct novel views of the scenes. The results
show that the latent representation captures the 3D scenes with high fidelity. In
Tab. 1.1 we compare the reconstruction accuracy of our compressed representation to
Dupont et al. [2022]. Our results are favorable, and we argue that this is due to the

spatial structure of the tri-plane representation.



functa, as reported in ours
[Dupont et al., 2022]

latent dim 1024 1024
PSNR train 24.4 27.67
PSNR test 23.1 26.9

Table 1.1: Reconstruction from
latent.

Figure 1-3: Novel view reconstruction for held out 3D scenes. Each pair shows the
ground truth image (left) and the reconstructed image (right). Top row: SRN cars.
Bottom row: Objaverse chairs.

1.4.2 Training the prior

The goal of the second stage is to obtain a prior over the latent representation. This is
achieved by training a generative model based on a Denoising Diffusion Probabilistic
Model (DDPM) [Ho et al., 2020] on the latent data obtained in the first stage. As is
standard in diffusion models, the model is based on a U-net architecture [Ronneberger
et al., 2015] that is trained to denoise the latent representations {z;}2_, € R%. To

comply with the U-net architecture, the latents are reshaped to be {2}, € R™"*c,

The training loss is computed by:

£gen - EZE{Z},EGN(O,I),tEU[O,T] H€9 (\/C_V_tz + v 1— O_5t€7 t) - €H2 (14)

Our implementation is based on Graikos et al. [2022]. Fig 1-4 shows examples of
random samples generated from the learned prior. Each image is generated by first
sampling a latent from the prior, corresponding to a sampled scene (rows), and then
using the reconstruction model to render images of the scene from different views

(columns). The resulting samples show both coherence and diversity.
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Figure 1-4: Samples from the trained diffusion model. Each row corresponds to a
different sample of the latent representation, corresponding to a different 3D scene,
and each column shows a different view reconstructed from the same scene. Left: SRN
cars. Right: Objaverse-lvis chairs.

1.4.3 Sampling from the posterior

As described in Sec. 1.3.2, different methods have been proposed to sample from
posterior distributions given a trained diffusion model as a prior. These methods
consist of adding a likelihood term to each step in the iterative process of sampling
from the prior. Here, the likelihood term comes from applying the reconstruction
model (RM) on the estimated latent, and computing a squared loss compared to the

given observation y , which corresponds to a Gaussian log-likelihood.
log p(y|z) = —s|ly — RMy(2)||* + const. = —L,e. + const. (1.5)

where s is a scaling factor corresponding to the assumed variance of the reconstruction.

The method is depicted in Fig. 1-5, and described in Alg. 1. In more detail, at
each step ¢ the output of the U-net €p(z,t) is used to compute the one-step denoised
latent z;_; and a fully denoised estimate %y (Eq. 1.1). The clean estimate is fed to
the reconstruction model (RM) which outputs a prediction of the input views. A
gradient of the log-likelihood with repsect to z; can be computed by back-propagating
the reconstruction error (Eq. 1.5) between the predicted images and the observed
ground-truth images. However, this requires back-propagating through the U-net at

each step. In order to accelerate inference, we approximate this gradient by computing
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Zo(2e-1) = \/% (zt_l — V1 — a2, t)), and the gradient with respect to z;_;. When
using many sampling steps we empirically observe that the difference between z,
and z;_ is negligible and this approximation can be used to efficiently compute the

posterior score:

vzt logpt(zt | y) ~ VZt logpt(zt) + thfl 10gp<y | 20(21%—17 t))a (16>

Repeating this process for t = T'...1 forms an approximated Langevin sampling process
from the posterior distribution.

As the reconstruction loss is calculated with no regards to pixel order or quantity,
this approach allows training a single prior model, and then use it to generate posterior
samples for various types of conditioning signals. Examples include conditioning on
many images, few images, or even a few random pixels per scene. Moreover, the
desired inference task does not even need to be known at training time, as long as a
corresponding reconstruction term can be formulated and differentiated at inference

time.

Algorithm 1 Posterior Sampling
Input: images y, scale s
Initialize zp ~ N(0,1)
fort =T to 1do
€ < U-nety(z¢, t)

1 1 - ’ / Loss(pred,y) E
a1~ N (2= J72%¢) . B) Zt““ S

20(2,5_1) = \/% (Zt—l — 1-— &te) ViogP(z) reconstruction step I
denoising step
Lyrec = |ly — RMy (20(215—1))”2

Zt—1 < Zt—1 — sa'crec/azt—l

ViogP(y|z)

Figure 1-5: Left: The posterior sampling algorithm. Right: Illustration of a single
step in the iterative process. Conditioned on the previous estimate z;, the U-net
predicts the noise, which is used to compute both z;_; and Z,. The latter is fed to the
reconstruction model to predict an image from the given view which is compared to
the ground truth image y. The error is backpropagated through the frozen networks
to compute a gradient which is then added to z;_;.
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more information less information

Figure 1-6: Posterior samples given a single view for Objaverse chairs. Each row
corresponds to a different sample of the scene, and each column shows a different view.
The observation in the example on the left carries high information about the scene,
resulting in very similar samples. The observations in the middle and right scenes are
less informative, and therefore result in more diverse samples, where the chairs are
completed with different possible configurations of legs, armrests and backrests. These
example demonstrate a coherent merging of observed data and prior information.

1.5 Experiments

c=004 0=02 0=04 0=038 c0=004 0=02 o0=04 0=038

observed
images

TensoRF
[Chen et al., 2022]
(80 images)

Posterior
Sampling
(5 images)

Figure 1-7: 3D reconstruction from noisy images. Reconstruction from 80 images
without a prior (TensoRF) quickly deteriorates as noise increases. Using our prior
to perform posterior sampling results in a much more robust method, significantly
outperforming TensoRF even when using an order of magnitude less images (5 images).

For all experiments we use the same model and the same configuration.

Generating conditional samples

We show results of generating posterior samples given one observed image per scene.
In Fig. 1-6, three examples from Objaverse chairs are shown. In the scene shown

on the left, the given image contains enough information to predict any view of the
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scene with certainty. This results in multiple samples (rows) that are almost identical.
In the other examples the observed image is less informative and does not provide
enough information about the scene from all angles. Therefore, samples from the
posterior exhibit more diversity in the way they complete the missing information.
More concretely, the chairs observed from uninformative views are predicted to have
different possible leg, armrest and backrest configurations. Note that while the samples
are different, the generated latent is a 3D representation, so each sample can be used

to predict a coherent set of images from different views.

In Fig. 1-1, we demonstrate the ability of the method to perform more diverse
probabilistic reasoning tasks. We show prediction from half-image inputs, from a
sparse set of pixels of one image (5%), and from a sparse set of depth map pixels
(5% of a depth map from a single view). For each scene we show three samples,
showing two different views for each, and an uncertainty map. The uncertainty is
computed by generating 10 samples of the scene, rendering corresponding 10 images
for each view and computing the variance in the rendered images. Using our method
for partial RGB observations (half-image or sparse pixels) is trivial to implement since
the reconstruction model operates per pixel and can be used to predict any subset of
pixels in the scene. In the case of depth data, we implement a different reconstruction
loss comparing the predicted o values to ground truth values without using the RGB
prediction and the renderer in Fig. 1-2. Given a depth pixel value, the ground truth
value of ¢ is set to 1 for the 3D point on the ray sampled at the given depth value,
and 0 for all the other 3D points. We emphasize that this reconstruction model is
formulated at inference time and is not used at training. The results show the different
plausible predictions of the scene and the resulting uncertainty. For the first case we
see that the uncertainty is high for the hidden half of the scene as expected. For the
other two cases, samples generated from sparse pixel observations demonstrate a high
degree of similarity, suggesting, perhaps surprisingly, that even just 5% of the pixels
from a single view is sufficient for accurate 3D scene prediction. In case of the sparse

depth data, the only uncertain aspect is the object color.

In Fig. 1-7, we evaluate the robustness of our method in 3D reconstruction from
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noisy images by comparing it to TensoRF [Chen et al., 2022] without a prior. By
generating samples from multiple scene images under increasing noise levels, we
demonstrate that posterior sampling significantly improves resilience to noise. While
TensoRF, trained on 80 images, experiences a sharp performance drop as noise

increases, our method maintains stable performance even with only 5 input images.

1.6 Conclusion

In this work we introduced a methodology that combines the strengths of NeRF-based
3D reconstruction together with the probabilistic reasoning of diffusion models. Our
method views 3D reconstruction as an ill-posed perception problem that requires
reconciling the observed information with prior knowledge. We showed that (1) 3D
scenes can be efficiently represented by compact latent vectors, using a reconstruction
model that consists of a tri-plane representation, which preserves spatial structure
within the 3D model; and (2) this representation is amenable to training a strong
diffusion-model based prior that can later be used to solve various inference tasks.
We highlight the importance of predicting the full posterior distribution rather than
optimizing for an average sample with higher PSNR (see Sec. 1.7.5). Averaging tends
to produce oversmoothed results that may score well numerically but fail to capture the
full variability of plausible 3D structures. By emphasizing diverse posterior samples,
our approach better represents the inherent uncertainty in 3D scene synthesis, leading
to more robust and generalizable models and solving various 3D reconstruction tasks.

Limitations and future work: A main challenge that remains in 3D reconstruc-
tion is scaling to more complex and more diverse data towards developing methods
that can reliably predict real 3D scenes from different levels of observations. Another
challenge is the slow sampling time with diffusion models. While our results are
demonstrated on small scale data, we believe that the compressed representation and
the principled way of handling uncertainty that we propose, combined with recent
developments in accelerating diffusion model sampling, are key for scaling up these

models to larger and more complex datasets.
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1.7 Appendix

1.7.1 Data

We use two datasets in our experiments. The first dataset is SRN Cars [Sitzmann
et al., 2019], which comprises 3,200 scenes with 250 images each. We randomly divide
the images in each scene evenly between training images and test images, and we
use 3,000 scenes for training, holding out 200 scenes for testing. The second dataset
we use is the Objaverse-lvis chair category [Deitke et al., 2022], which comprises 439
instances with 100 images generated for each scene. While this dataset is smaller, it is
more diverse in terms of shapes. We use 80% of the images in each scene for training,
and hold out 8 scenes for testing and visualizations. For both datasets we use image

resolution of 128 x 128.

1.7.2 Implementation details

In this section we describe the implementation details of our model and experiments.

All code, models and data will be made available upon publication.

1.7.3 Training the Representation and Reconstruction model

The weights of the reconstruction model ¢ are randomly initialized, while the latent
representations z; are initialized to zero. The size of the data set corresponds to the
number of latent vectors, each latent representing a single scene {2}, (N scenes =
N latents).

During training, the images of each scene optimize only its respective latent, while
the entire model, including decoders, is jointly trained.

The latent representation z; dimensions are d = 1024, » = 16,¢ = 4. D1 is
constructed using a series of six ResNet blocks where at each block the number of
channels is the following: [4, 32, 64, 96, 128, 192]. Blocks are followed by a self-
attention layer and alternating upsampling. The resulting 3D tensor T' is divided

into two tensors responsible for generating RGB and density, Trap € RF*F*3Crcs,
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T, € RExEx3Cs  regpectively. Trap is reshaped to form a tri-plane representation
Thi, Ty;, Ts; € REXEXCres - Similarly, T, forms a tri-plane representation 17, Ty;, Ts: €
RE*ExCs  Dimensions are R = 128, Crap = 48, C, = 16.

For each scene 7, we randomly select 4096 rays from pixels in the training images.
Along each ray, we sample 220 3D points and project them onto the tri-planes of both
the RGB and density planes separately.

For each (RGB and density), this projection extracts three feature vectors from the
three planes for further processing. Three vectors are concatenated into a single
feature vector frop € R3°765 for RGB and f7 € R3 for density. While the density
feature vector f produces density for 3D points by simply summing its elements, the
RGB feature vector ffqp is passed through D2 to produce a single RGB value. D2 is
an MLP of 7 layers. Once all 3D points along the ray have RGB and density values,
volumetric rendering, a parameterless process, produces a single RGB value to be
compared with the pixel’s color.

We train the model with a minibatch B size of 2 scenes, and with an Adam
optimizer using three different learning rates: le-3 for the latents, le-4 for the D1
parameters and le — 3 for D2 parameters.

Our model is based on the code published in Chen et al. [2022].

At test time, a new latent (initialized to zeros) is coupled with the new scene and

optimized using the learned/frozen decoders.

Training the Prior

Asin Sec.1.4.1, latent representation z; dimensions are d = 1024, r = 16, ¢ = 4. The dif-
fusion model used is implemented by Graikos et al. [2022] with the following parameters:
The noise scheduler is a linear schedule with parameters 7' = 1000, 3y = le %, Br =
2¢72. The U-net parameters are model channels = 64, num_resnet_blocks = 2,
channel _mult = (1,2,3,4), attention_resolutions = [8,4], num__heads = 4. We
train the model with a minibatch B size of 32 scenes, and with an Adam optimizer
with learning rate equal to le-3.

The reconstruction model and the diffusion model were trained on an NVIDIA
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GeForce RTX 4090 for Approximately one day each.

1.7.4 Experiments
Generating 3D with 2D generative models

As mentioned in Sec. 1.2, 2D generative models for 3D generation approaches do
not fully capture the underlying 3D structure of a scene. To evaluate the impact of
explicit 3D structure reasoning, we trained a Neural Radiance Field (NeRF) on images
generated by both standard 2D diffusion models and our proposed model, which
incorporates an inherent understanding of 3D structure. Tab. 1.2 results indicate that
NeRF trained on images from our model produces more consistent 3D reconstructions,
highlighting the importance of explicit 3D reasoning in generative models for robust

3D scene synthesis.

Method PSNR1 SSIM?
3Dim (SRN cars) 28.53 0.96
Ours (SRN cars) 34.7 0.98
zero123 (Objaverse chairs) 26.8 0.925
Ours (Objaverse chairs) 43.4 0.99

Table 1.2: 3D Consistency Comparison: To evaluate 3D consistency, we compare our
model with 3Dim [Watson et al., 2022] and Zero-1-to-3 [Liu et al., 2023], trained on
SRN Cars and Objaverse Chairs, respectively. Given an input image of a scene, each
model generates multiple novel views, which are then used to train a TensoRF (NeRF)
model. Since higher 3D consistency in the generated images facilitates NeRF training,
models producing more consistent views enable NeRF to achieve a higher PSNR. Our
results demonstrate that NeRF trained on images from our model attains the highest
PSNR, highlighting the benefits of our model’s built-in 3D structural understanding
for improved 3D scene synthesis.

1.7.5 Posterior sampling

Posterior sampling involves two types of computations: 1) denoising, using the diffusion
as a prior to generate a plausible latent, and 2) reconstruction, using the reconstruction

model to align the latent with the observed views.
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For all experiments we use the same model using the same inference process. We
generate posterior samples using 1000 iterations as described in Alg. 1 with the same
scale factor s =be-3 for all experiments. The only exception is the experiment with
noisy data in Fig 1-7, where the scale factor for most extreme noise level o = 0.8
was decreased to a value of s =3e-3, corresponding to the high noise variance in the

observation.

Full posterior vs higher psnr

In Fig. 1-8, we present two examples (rows) of conditional posterior sampling, where
the leftmost image serves as the observed image. The reconstructions are displayed
alongside their corresponding PSNR values. We generate 20 samples from the posterior
distribution and showcase three individual samples under "single samples," highlighting
the variability in reconstruction quality—some being closer to the ground truth than
others. Additionally, we display the averaged reconstructions using 5, 10, and 20
latent samples. While averaging improves numerical PSNR scores, it often leads to

oversmoothed results that fail to capture the full diversity of plausible 3D structures.
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Figure 1-8: Averaging latent samples results in higher PSNR scores but fails to capture
the full posterior distribution. In the first row, the bottom half of an image is used as
guidance, while in the second row, the top half is used. Since most generated samples
closely match the ground truth, averaging leads to a higher PSNR but collapses the
distribution into a single reconstruction, limiting the diversity of plausible outcomes.
In the third row, guidance is provided using only a few pixels from a depth image.
The generated samples vary in color, as color information is not available from the
depth input. Averaging across multiple samples produces an intermediate color that
achieves a higher PSNR but fails to reflect the full posterior, which contains diverse
color variations.
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Chapter 2

Tokenized Neural Fields:
Structured Representations of

Continuous Signals

21



Abstract

We introduce Tokenized Neural Fields (TNF), a unified framework for representing
continuous signals through a compact set of learnable tokens. The tokens are optimized
against a shared coordinate-conditioned decoder. Unlike encoder-based pipelines or
global latent codes, TNF provides a structured tokenization in which individual tokens
specialize to distinct regions of a signal and interact with coordinate queries via cross-
attention. By learning tokens directly through gradient-based optimization rather
than from fixed grids or patches, TNF naturally handles the sparse, scattered, non-
uniform observation regimes that are characteristic of scientific data. We validate TNF
across 1D Gaussian-process samples, 2D physical fields (Navier-Stokes fluid dynamics
and simulated black-hole imaging), ERA5 weather reanalysis, 2D natural images,
and 3D scenes. We show that tokenized representations achieve superior fidelity
with fewer parameters than encoder-based baselines, and substantially outperform
grid-based tokenization in sparse-observation regimes. TNF tokens further exhibit
emergent semantic specialization without supervision, support interpolation between
signals, and provide an effective representation space for downstream generative
modeling. Together these results position learned tokenization as a flexible primitive
for representing and reasoning about continuous scientific signals.

2.1 Introduction

Learning compact and generalizable representations of continuous signals remains a
central challenge in machine learning. This capability is particularly important in
various scientific domains, where a fundamental challenge is reconstructing underlying
physical fields and quantifying their uncertainty from sparse, scattered measurements.
Classical approaches to representation learning typically map data into latent spaces
using modality-specific encoders. While modern foundation models have demonstrated
the power of tokenized representations to capture structure and reason about it,
adapting this approach to continuous signals has typically required handcrafted
discretizations, such as image patches or voxel grids. These grid-based tokenizers
face significant limitations in scientific applications, where they struggle to handle
non-uniform or sparse observations because they rely on a fixed discretization grid.
Implicit Neural Representations (INRs), also called Neural Fields (NFs), offer
an alternative by modeling signals as continuous functions, mapping coordinates to

values. Examples include SIREN [Sitzmann et al., 2020b] for high-frequency image
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reconstruction, NeRF [Mildenhall et al., 2020] for 3D scene rendering, and applications
to scientific imaging such as CryoDRGN [Zhong et al., 2021] for heterogeneous cryo-EM
and NeRP [Shen et al., 2024] for sparse medical reconstruction. While most INRs
are limited in scalability due to their per-instance training, some conditional variants
such as Functa [Dupont et al., 2022] improve efficiency by sharing a decoder across
instances. However, these models often compress each signal into a global latent,
which can discard localized structure and harm performance [Bauer et al., 2023]. This
motivates our central question: can continuous signals be tokenized into compact,
learnable sets of tokens that provide structured representations for reconstruction,
generation, and probabilistic inference without relying on grid-based discretizations?

We propose Tokenized Neural Fields (TNF), a unified framework that rep-
resents each signal through a small set of learnable tokens coupled with a shared
coordinate-conditioned decoder. Rather than relying on an imposed feed-forward en-
coder or predefined patch grids to extract features, TNF’s tokens are directly optimized
per instance. This optimization-driven approach yields a structured tokenization where
individual tokens naturally specialize to distinct aspects of the signal, interacting with
coordinate queries solely via cross-attention. By abandoning rigid grid assumptions
in favor of direct interaction with continuous coordinates, TNF naturally handles
sparse data regimes where grid-based tokenizers typically fail. This approach yields
scalable training, efficient adaptation and structured token spaces that support both
high-quality reconstruction and probabilistic generative modeling.

To demonstrate the efficacy of TNF for complex signal representation, we validate

our approach across a range of continuous domains:

e 1D functions: We show that TNF’s tokens can accurately recover smooth

continuous functions with dynamic structure.

e 2D Physical Fields: We demonstrate the capacity to reconstruct 2D Navier-
Stokes fluid dynamics and simulated black hole imaging from highly sparse

observations, significantly outperforming the grid-based approach.

o« Weather Fields: We evaluate TNF on ERA5 weather reanalysis data, demon-
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strating accurate reconstruction of temperature, pressure, and wind fields from

sparse observations while outperforming grid-based tokenization approaches.

e 2D Natural Images: We benchmark our method on natural images against
state-of-the-art vision architectures, outperforming encoder-based baselines while
using highly compact representations and enabling downstream generative mod-

eling via diffusion transformers.

e 3D scenes: We provide evidence for TNF’s capacity to model complex, high-
dimensional functions, where tokenized representations enable geometry-free,

consistent novel view synthesis and 3D generative modeling.

Together, these results highlight TNF’s tokenization as a powerful approach for
bridging neural fields with the structured reasoning required for effective representation

and inference in continuous domains.

2.2 Related Work

Below we review the closest threads of prior work relevant to TNF’s design and its

scientific scope.

Probabilistic models of continuous signals. A classical tool for inferring contin-
uous fields from scattered observations is the Gaussian Process (GP), which provides
a calibrated posterior over function values but scales poorly with the number of
observations. Neural-network counterparts of this idea aim to retain the probabilis-
tic perspective while learning the underlying prior from data. Conditional Neural
Processes (CNPs) [Garnelo et al., 2018a] and Neural Processes (NPs) [Garnelo et al.,
2018b] learn distributions over functions conditioned on context observations, blending
GP-style inference with deep learning. Attentive variants such as attentive-NP [Kim
et al., 2019a] and Transformer-NP [Nguyen and Grover, 2022] use attention to bet-
ter capture long-range dependencies between context and target points, improving

generalization to data regimes typical in scientific applications, such as non-uniform
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sampling, partial observability, and varying observation density. These methods oper-
ate directly on (z,y) pairs of coordinates and values and emphasize uncertainty in
the predictions. Our approach is complementary: instead of producing a posterior
over function values at queried locations, we produce structured, tokenized summaries
of an entire underlying field, which can subsequently be used for downstream tasks,
transferred across instances, and (as we discuss) support probabilistic reasoning at

the level of the representation itself.

Per-instance NF training. The simplest use of Neural Fields (NFs) is to fit one
network per signal (e.g. an image, a weather snapshot, a single flow field or a single 3D
scene). Architectures such as SIREN [Sitzmann et al., 2020b], which uses sinusoidal
activations to faithfully represent high-frequency content, and NeRF [Mildenhall et al.,
2020], which reconstructs volumetric scenes from images via differentiable rendering,
achieve high reconstruction fidelity in this regime. A common limitation in this
approach for scientific applications, is that each new observation is treated as an
isolated optimization problem and structure is never amortized across the dataset, so
regularities present in a collection of related physical fields are not exploited. Our
framework instead shares a decoder across all instances and represents each one through
a compact set of per-instance tokens, so that the shared component captures the

geometry of the field family while the tokens specialize to each individual realization.

Learned initialization for NFs. A partial response to the cost of per-instance
optimization is to meta-learn a good initialization that converges quickly on new
signals. Tancik et al. [2020a] is a representative example, where the weights of each
NF per scene are meta-learned using the MAML [Finn et al., 2017] approach. While
this reduces wall-clock time per fit, the optimized weights themselves remain the
representation of each signal, and the resulting weight vectors are high-dimensional
and lack a structure that one can transport across datasets or use as input to further
models. This motivates representations that are explicitly compact and structured by

design, which is what we pursue here.
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Conditional NFs and auto-decoding. A more powerful approach is to learn a
shared decoder conditioned on per-instance latent vectors, so that the decoder captures
common structure across the dataset and the latents act as compact representations.
Functa [Dupont et al., 2022] applies this idea to general continuous signals, and
several works pursue it for 3D scene generation [Bautista et al., 2022, Chen et al.,
2023, Yang et al., 2023, Haider and Rosenbaum, 2025]. The underlying mechanism,
jointly optimizing per-instance latents with a shared decoder, is known as auto-
decoding [Bojanowski et al., 2019, Park et al., 2019]. In the scientific setting this is
appealing because the decoder serves as a learned prior over fields and the latents act
as a low-dimensional summary of each measurement or simulation. However, when
the latent is a single global vector, it tends to compress out local structure, which is
a real problem when the field of interest is spatially heterogeneous, as is typical in
weather, fluid, or imaging data. Spatial-Functa [Bauer et al., 2023| addresses this by
imposing a spatially-structured latent. Our work takes a further step: rather than fix
the structure of the representation in advance, we let it emerge from optimization, so
that tokens specialize to distinct regions or modes of variation of the field without an

a-priori spatial template.

Attention-based and token-based representations. A separate thread of work
uses attention to make NFs more reusable across instances. TransINR [Chen and Wang,
2022] treats Transformers as meta-learners for INRs. IPC [Kim et al., 2023] introduces
compositional instance-pattern codes to encourage reusability of representations across
signals. ANR [Zhang et al., 2024b] uses attention within a heavy encoder-decoder
hypernetwork to generate signal-specific tokens. In 3D, token-based scene representa-
tions have been explored by OSRT [Sajjadi et al., 2022], 3DShape2VecSet [Zhang et al.,
2023], and equivariant neural fields [Wessels et al., 2025], the latter directly leveraging
geometric structure of the underlying domain. These methods establish that attention
and tokenization are productive primitives for structured signal representation. They
share, however, a reliance on handcrafted or heavy auxiliary encoder networks to

produce tokens from raw inputs, a design that is most natural for image or 3D volume
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inputs and harder to port to the irregular, noisy, partially-observed measurement
modalities ubiquitous in scientific applications. We instead obtain tokens directly via
gradient-based optimization against the observed measurements, which removes the
encoder design choice and applies uniformly across modalities, including sparse and

scattered observation regimes that grid- or patch-based tokenizers cannot natively

handle.

Neural operators and scientific machine learning. A complementary line of
work targets not the representation of a single field but the learning of maps between
function spaces, for example from an initial condition to a PDE solution. The Fourier
Neural Operator [Li et al., 2021} and DeepONet [Lu et al., 2021] are two influential
instances; the broader neural-operator framework is reviewed by Kovachki et al. [2023].
PDEBench [Takamoto et al., 2022] provides standardized benchmarks for this line of
work, including Navier—Stokes settings related to the fluid-dynamics evaluation we
report. Neural operators amortize a forward solution map across initial conditions or
parameters, whereas TNF amortizes the representation of individual fields across a
dataset of observations. The two goals are complementary, and one could in principle
compose them by using TNF tokens as the input or output of an operator that maps

between scientific-field instances.

Foundation models for atmospheric science. Several recent works train large
neural models on ERA5 reanalysis and related atmospheric science data for short-
and medium-range forecasting. FourCastNet [Pathak et al., 2022] uses adaptive
Fourier neural operators for global forecasting at high spatial resolution. Graph-
Cast [Lam et al., 2023] uses a graph neural network on a hierarchical icosahedral
mesh. AtmoRep [Lessig et al., 2023] trains a stochastic Transformer on multi-variable
atmospheric data. ClimaX [Nguyen et al., 2023] adapts the Vision Transformer archi-
tecture to multi-variable weather and climate data and treats spatial patches as tokens.
These approaches inherit grid-based tokenization (patches over the latitude—longitude

grid); TNF instead learns tokens directly via gradient-based optimization, avoiding

27



the fixed-grid assumption that becomes a limitation as observation density varies.

Scientific imaging reconstruction. Implicit neural representations have been
applied to a range of scientific imaging tasks where the underlying signal is continuous
and observations are noisy or sparse. CryoDRGN [Zhong et al., 2021] represents
heterogeneous protein conformations as a coordinate-conditioned neural field opti-
mized against cryo-EM micrographs; NeRP [Shen et al., 2024] applies INRs with
prior embedding to sparsely sampled medical-image reconstruction. In radio inter-
ferometric imaging, regularized maximum-likelihood reconstruction methods such as
CHIRP [Bouman et al., 2016] laid the algorithmic groundwork later used in the first
Event Horizon Telescope reconstruction of the M87 supermassive black hole [The
Event Horizon Telescope Collaboration, 2019], a setting that, like the black-hole
imaging benchmark in our experiments, requires reconstruction from extremely sparse,
scattered observations. These applications motivate frameworks like TNF that aim
to make continuous-signal representations compact, reusable, and well-suited to data

regimes where grid-based methods struggle.

2.3 Tokenized Neural Fields (TNF)

We propose a unified framework for learning compact and flexible signal representations
using a small set of learnable tokens and a shared coordinate-conditioned decoder. Each
instance, whether a function, image, or any other continuous signal, is represented
by a fixed set of latent tokens. These tokens are optimized to reconstruct the
underlying signal via a shared decoder network, enabling instance-specific adaptation
while maintaining global generalization. This formulation removes the need for
modality-specific encoders or per-instance networks and supports scalable, transferable

representations across domains.
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Figure 2-1: TNF: An instance-specific token sequence T is queried by and input
coordinate x via a shared decoder Dy using cross-attention and feed-forward layers.
The resulting prediction f (x) is compared to the ground truth f(z) to compute a loss
L, which is then used to update both the tokens and the shared decoder parameters.

2.3.1 Overview

Let f: R? — R¢ denote a continuous signal (e.g., a 1D curve, a 2D image or a physical
field). Rather than using an encoder on patches of points in f, or fitting a dedicated

neural field for each f, we associate it with a learnable token set:
T={T}\_,, T,cR*"
A shared decoder Dy maps coordinates and tokens to signal outputs:
f(x) = Doz, T)

As illustrated in Figure 2-1, the decoder is trained across a dataset of signals, while
the token sets are optimized per instance. During inference, the decoder remains fixed

and only the tokens are adapted to new data.

2.3.2 Coordinate-Conditioned Decoding

TNF’s decoder maps a coordinate x € R% and the token set T" to the signal prediction
f (x). Its design is flexible and can adapt to various data modalities. A natural choice
when using token-based representation is to use cross-attention between the coordinate

x and the signal’s token set T'. Cross-attention enables dynamically extracting relevant
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content from the token set into different locations in the continuous signal.

The architecture of the decoder consists of passing the inputs (together with
sequential positional encoding) through linear transformations followed by a sine
activation function. Then, cross attention is performed between the coordinate and
the tokens, followed by several linear layers coupled with sine activations, except for
a sigmoid activation in the last layer. We follow the standard transformer and use
layer normalization on the tokens before the cross attention, a residual connection
between the query and the attention output and layer normalization after the residual
connection. We use this approach throughout our experiments, where our decoders
mainly differ in the number of layers, their dimensions and the dimensions of the input

z and output f (). More details are specified in Appendix 2.6.1 and Figure 2-15.

2.3.3 Training and Inference

A core design principle of TNF is to separate instance-specific and instance-agnostic
components: the token set 7% is unique to each instance i, while the decoder Dy is
shared across all instances.

Training is done end-to-end across a dataset of M signals by minimizing a recon-
struction loss:

fils) = Do(a;, T (2.1)

arg f é\

9 {T’L}]\/I

where {z;}}<, are randomly sampled coordinates.

We consider two main approaches for training:

Standard Auto-Decoding: Following this approach [Bojanowski et al., 2019,
Park et al., 2019], each signal instance f;, is coupled with a persistent token set

= {T¢}N_, which is jointly optimized with the shared decoder Dy, both using the
same reconstruction loss (illustrated in Figure 2-1). Training is performed by stochastic
gradient descent, where each iteration updates the shared decoder parameters and
the token set corresponding to the signals used in the batch. At inference time, the

decoder is kept fixed and new tokens are adapted to unseen data using the same
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gradient-based optimization as used in training.

Meta-Learning for Accelerated Inference: To improve the efficiency of token
adaptation at inference time, we optionally employ a meta-learning optimization
strategy based on MAML [Finn et al., 2017] (as used also in Functa [Dupont et al.,
2022]) in some of our experiments. This approach incorporates the gradient-based
adaptation process as part of the forward pass during training. For each sample
in a batch, the token set undergoes an inner loop of a few gradient descent steps
(typically three) to reconstruct the signal. The shared decoder is then updated in
the outer loop by backpropagating through these unrolled inner optimization steps.
This encourages the decoder to learn a parameters space where novel signals can be
accurately tokenized with only a minimal number of gradient updates, drastically

accelerating the adaptation process for downstream tasks.

2.4 Experiments

We evaluate Tokenized Neural Fields (TNF) across 1D function regression, 2D physical
field reconstruction, weather data modeling, 2D natural images, and 3D scenes. Across
these domains, our goal is to demonstrate the generality, compactness, and flexibility
of learning per-instance tokens paired with a shared decoder.

Beyond standard dense reconstruction, we introduce a variable-density evaluation
for our scientific datasets to highlight a key advantage of TNF': the ability to handle
non-uniform, sparse observations without relying on fixed discretization grids. We
compare TNF against a grid-based baseline where both models reconstruct the full
signal from randomly subsampled points. While the baseline requires interpolating
these sparse points onto a regular grid, TNF directly optimizes its tokens on the
scattered coordinates.

Finally, to establish the effectiveness of our approach in a domain where many
specialized methods have been developed, we benchmark TNF against state-of-the-art

encoder-based models on natural images. We then turn to two natural-signal domains
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Figure 2-2: 1D function reconstruction using TNF. Ground truth functions (blue)
are sampled from Gaussian Processes with RBF kernel (top row) and Matérn kernel
(bottom row). TNF reconstructions are shown in red. Columns correspond to
representation with increasing token counts (2x8; 4x8, 8x8, and 16x8), demonstrating
improved fidelity with more tokens.

Figure 2-3: 1D wave function reconstruction under variable density. Left: Reconstruc-
tion with 100% observability. Right: Reconstruction from 10% sparse observations
(scattered points). TNF avoids the smoothing artifacts inherent to the grid baseline’s
interpolation step, accurately recovering the localized, high-frequency structures of
the target signal even in the sparse regime.

where qualitative evaluation is possible, 2D natural images and 3D scenes. On those
domains we demonstrate that TNF tokens exhibit emergent semantic specialization and

provide a highly effective representation space for downstream generative modeling.

2.4.1 1D Functions

We sample 1K one-dimensional functions from Gaussian processes using RBF and
Matérn kernels. Each function is represented by a compact set of learnable tokens
optimized jointly with a shared coordinate-conditioned network. Detailed architectural

and optimization settings are provided in Appendix 2.6.3.
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Figure 2-4: Reconstruction error (MSE) across varying observation densities. Com-
paring TNF (red) against a grid-based baseline (blue) on 1D Wave, Black Hole,
Navier-Stokes, and ERA5 datasets. TNF consistently outperforms the grid baseline
at all sparsity levels, demonstrating superior robustness when reconstructing complete
signals from highly sparse, non-uniform observations.

As illustrated in Figure 2-2, increasing the token capacity (2 x 8, 4 x 8, 8 x 8,
and 16 x 8) consistently improves reconstruction fidelity, demonstrating that TNF
provides a controllable tradeoff between compactness and representation accuracy for
continuous 1D signals.

Next, we evaluate TNF under variable-density sparse observation conditions,
comparing its performance against a grid-based baseline. The target signals are
compositions of sinusoidal functions modulated by Gaussian envelopes with random
amplitudes, frequencies, and centers, producing localized high-frequency structure
over 1000 uniformly spaced points.

Both TNF and the grid baseline use matched token capacities, while differing in
how sparse observations are processed. TNF directly optimizes its tokens on scattered
observations, whereas the grid baseline first interpolates the sparse subset onto a
regular grid before encoding. We employ the same meta-learning framework with 3

inner-loop adaptation steps for both methods. Additional implementation details are
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provided in Appendix 2.6.3.

During training, each batch receives a random subset of observed points sampled
uniformly from ng,, € [50,1000]. Both methods are then evaluated on reconstruction
of the full underlying signal.

Figure 2-3 presents qualitative comparisons under full and sparse observability,
while Figure 2-4 reports quantitative reconstruction error across varying observation
densities. Across all sparsity levels, TNF consistently achieves lower reconstruction

error than the grid-based baseline.

2.4.2 2D Physical Fields

We next evaluate TNF on two-dimensional physical fields from computational physics
simulations: simulated black hole accretion disk images and Navier—Stokes fluid
dynamics snapshots. These domains are representative of scientific settings where
observations are naturally sparse and scattered. For both experiments, we use the same
meta-learning framework with 3 inner-loop adaptation steps. Detailed architectural

and optimization settings are provided in Appendix 2.6.3.

Black Hole Imaging

The dataset consists of 30K simulated images of black hole accretion disks [Karras
et al., 2025], resized to 28 x 28 single-channel images. Each image is represented as a
continuous signal f : [~1,1]> — R, where coordinates are generated from a regular
meshgrid.

We compare TNF against a grid-based baseline with matched token capacity. For
sparse reconstruction, TNF directly optimizes its tokens on scattered observations,
while the grid baseline first maps the sparse observations onto the regular image grid
using nearest-neighbor interpolation.

Results are presented in Figure 2-4. TNF significantly reduces reconstruction error
across observation densities. Figure 2-5 shows qualitative comparisons for full and

10% observation densities. At full observability, TNF recovers more details than the

34



grid-based baseline. At 10% density (~ 78 observed pixels), TNF better maintains

the characteristic ring structure of the accretion disk.

Navier—Stokes Fluid Dynamics

The dataset consists of 30K vorticity snapshots from Navier—Stokes simulations [Shi
et al., 2025al, resized to 28 x 28 single-channel images. We use the same experimental
setup as in the black hole experiment and evaluate reconstruction under more extreme
sparsity levels, down to 1% observation density (approximately 8 observed points), in
order to probe the limits of reconstruction from minimal observations.

Figure 2-4 and Figure 2-6 present the quantitative and qualitative results. TNF
achieves substantially lower reconstruction error across all sparsity levels. At full
density, TNF achieves near-perfect reconstruction (MSE = 1.4 x 107®) compared
to the grid baseline (MSE = 2.9 x 10™). At 1% density, corresponding to only 7
scattered observations, TNF reduces the reconstruction error of the grid baseline by
nearly half.

At this extreme sparsity level, the grid baseline must reconstruct the full 28 x 28 field
from a nearest-neighbor interpolation of only a few observations, resulting in blocky and
piecewise-constant artifacts. In contrast, TNF leverages its learned continuous prior
through token optimization, producing smooth and physically plausible reconstructions

even from highly sparse measurements.

2.4.3 ERAD5 Weather Reanalysis

To evaluate TNF on real-world scientific data, we use the ERASB reanalysis dataset [Hers-
bach et al., 2020] produced by the European Centre for Medium-Range Weather
Forecasts (ECMWF). The dataset consists of 34,560 weather snapshots represented on
a 41 x 41 latitude-longitude grid with four meteorological variables corresponding to
surface pressure, 2-meter temperature, and the eastward and northward components
of 10-meter wind velocity.

Coordinates are centered and scaled, and outputs are normalized separately for
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scalar quantities (pressure and temperature) and vector wind components. Wind
vectors are normalized by the mean wind speed in order to preserve rotational structure.

We use the same sparse reconstruction framework as in the previous scientific
experiments, employing meta-learning with 3 inner-loop adaptation steps. TNF
directly optimizes its token representations on sparse scattered observations, while the
grid baseline first interpolates sparse measurements onto a regular grid before encoding.
Detailed architectural and optimization settings are provided in Appendix 2.6.3.

Figure 2-4 presents the quantitative results. TNF consistently outperforms the
grid baseline, reducing reconstruction error by 45-55% at observation densities of 5%
and above, with smaller improvements at the extreme 2% sparsity regime.

Figure 2-7 shows qualitative reconstructions of temperature and wind fields. At
full observation density, TNF accurately reproduces fine spatial gradients and flow
structure, while the grid baseline exhibits visible smoothing artifacts. At 2% density,
both methods recover the large-scale spatial patterns, though fine-scale details become

increasingly ambiguous.

2.4.4 2D Image Modeling

We evaluate TNF on 2D image reconstruction using the CelebA [Liu et al., 2015]
and ImageNette [Howard, 2019] datasets, and compare against recent encoder-based
approaches including TransINR, IPC, and ANR, as well as the MAML-based neural
field approach of [Tancik et al., 2020a]. In contrast to these methods, TNF directly
optimizes compact per-instance token representations while sharing a single coordinate-
conditioned network across all images.

For both CelebA and ImageNette, we train on 10K images of resolution 178 x 178
using the standard auto-decoding setup and evaluate on 100 held-out test images.
Detailed architectural and optimization settings are provided in Appendix 2.6.3.

As shown in Figure 2-8, TNF achieves higher PSNR than all baselines while using
4x to 10x fewer representation parameters. Beyond the quantitative gains, TNF
reconstructions exhibit strong perceptual quality and sharpness. Even with compact

token representations, the model successfully captures high-frequency structures such
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Full observation 10% sparsity

Figure 2-5: Black hole reconstructions from 28x28 simulated images using 16 tokens
at different observation densities. Comparison of TNF against a grid-based baseline
under full observation and 10% sparse observation (~78 pixels).

as facial contours, texture, and edges, outperforming significantly larger encoder-based

pipelines.

Token specialization and generative modeling. Beyond reconstruction quality,
TNF tokens exhibit both structured specialization and strong generative potential.
Figure 2-9 visualizes cross-attention heatmaps from a CelebA model trained with
16 tokens. Despite the absence of spatial supervision, individual tokens consistently
attend to coherent semantic regions such as hair, background, and facial structure,
indicating the emergence of interpretable token specialization. Additional attention

visualizations across all tokens and held-out images are provided in Appendix 2.6.3.

To evaluate the expressiveness of the learned token space, we train a Diffusion
Transformer (DiT) [Peebles and Xie, 2023a] directly on compact token representations

(64 x 32). Figure 2-10 shows generated samples obtained by decoding the generated
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Full observation TNF Grid 1% sparsity

Figure 2-6: Navier—Stokes vorticity reconstructions using 16 tokens at different obser-
vation densities. TNF and a grid-based baseline reconstruct 28 x28 vorticity snapshots
from full and 1% sparse observations (~8 scattered points). At 1% density the grid
baseline produces blocky, piecewise-constant artifacts from nearest-neighbor interpola-
tion, while TNF leverages its learned continuous prior to produce smooth, physically
plausible reconstructions.

tokens through the shared TNF network. The resulting images are diverse and
coherent, demonstrating that compact token representations form an effective latent
space for generative modeling.

To assess memorization, Appendix 2.6.3 compares generated samples with their
nearest neighbors in the training set. The clear visual differences indicate that the

model synthesizes novel outputs rather than reproducing memorized training examples.

2.4.5 3D Scene Reconstruction

We evaluate TNF on neural scene reconstruction using the car category from the
ShapeNet SRN dataset [Sitzmann et al., 2020c]. The dataset contains approximately 3K
car scenes, each observed from 250 viewpoints. Each scene is represented by a compact

set of learned tokens and modeled through a light field representation [Sitzmann
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Full Observation 2% Sparsity
Observed TNF Grid Observed TNF Grid

Figure 2-7: ERA5 temperature (top) and wind (bottom) reconstructions on a 41x41
latitude-longitude grid using 20 tokens. Each row represents a different sample, show-
ing the observed input, the TNF reconstruction, and the grid-baseline reconstruction
under full observation (left block) and 2% sparse observation (right block). At full
density TNF reproduces fine spatial gradients and flow structure while the grid baseline
shows visible smoothing; at 2% density both methods recover large-scale patterns and
fine-scale details become ambiguous.
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Dataset Method PSNR N xd; Rep (K) Model (M)

CelebA Learned Init  30.37 — 199 0.2
TransINR 33.33 256 x 259 66 43
IPC 35.96 256 x 256 66 43
ANR 35.91 512 x 256 131 54
TNF 31.5 64 x 32 2 2
TNF 37.02 512 x 16 8 2
TNF 42.14 512 x 32 16 2
ImageNette Learned Init  27.07 - 199 0.2
TransINR 29.77 256 x 259 66 43
IPC 38.46 256 x 256 66 43
ANR 40.30 512 x 256 131 54
TNF 44.40 1024 x 32 32 3
TNF 47.98 1024 x 64 66 7

Figure 2-8: Comparison of reconstruction performance. (Left) Quantitative results on
CelebA and ImageNette. TNF achieves higher PSNR with much smaller representation
and model size compared to prior methods. (Right) Qualitative reconstructions with
512 x 32 tokens: Left column: CelebA; right column: ImageNette. Image pairs show
ground truth (left) vs. TNF output (right).

Figure 2-9: Cross-attention heatmaps for two representative tokens from a 16-token
CelebA model. Each row tracks a single token across six different held-out images
(columns). Without spatial supervision, individual tokens consistently attend to
coherent semantic regions such as the area beneath the eyes and the mouth. Full
per-token visualizations across all tokens and more held-out images are provided in
Appendix 2.6.3.

Figure 2-10: Unconditional image samples from a Diffusion Transformer (DiT) trained
directly on compact (64 x 32) TNF token sets, decoded back to images through the
shared decoder. The resulting samples are diverse and coherent, indicating that the
learned token space forms an effective latent for downstream generative modeling.
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et al., 2021], where pixels across viewpoints are addressed by their corresponding rays
z = (0,d) € R® consisting of camera origin and viewing direction.

This formulation represents a 3D scene as a continuous function over ray space.
As in the previous domains, tokens summarize the scene while continuous coordinate
queries extract signal values through cross-attention. Unlike NeRF-style pipelines,
this approach does not require volumetric rendering, explicit geometry, spatial grids,
or scene-specific encoders.

The dataset provides RGB images from multiple viewpoints around each object.
During training, we randomly sample batches of rays and supervise each query with
its corresponding ground-truth pixel color. Detailed architectural and optimization
settings are provided in Appendix 2.6.3.

Once optimized, the learned tokens serve as a compact reusable representation of
the scene and can be used to reconstruct training views or synthesize novel viewpoints.

Qualitative Results. Figure 2-11 shows both training-view reconstruction and
novel-view synthesis results. Despite the compact token representation, TNF produces
coherent and detailed renderings across viewpoints. Importantly, all scenes share
the same coordinate-conditioned network while differing only in their token repre-
sentations. These results demonstrate that TNF can model complex 3D appearance
and geometry without explicit 3D supervision, mesh representations, or volumetric
rendering pipelines.

Token Interpolation and Generative Modeling.

To further analyze the structure of the learned token space, we evaluate both
interpolation and generative modeling. Figure 2-12 shows linear interpolation between
token sets corresponding to two different scenes. The resulting renderings exhibit
smooth transitions in both geometry and appearance, suggesting that the learned
token space forms a continuous and semantically meaningful representation manifold.

To assess generative capabilities, we train a Denoising Diffusion Probabilistic Model
(DDPM) [Ho et al., 2020] directly on compact scene token representations (64 x 32).
Figure 2-13 presents generated scenes obtained by decoding the generated tokens

through the shared TNF network. The resulting samples exhibit coherent multi-view
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Training view reconstruction Novel view synthesis

Figure 2-11: 3D reconstruction on the ShapeNet SRN car category. Left block:
reconstruction of training viewpoints; right block: novel-view synthesis from held-out
viewpoints. In each pair the ground-truth view is on the left and the TNF rendering
on the right. All scenes share a single coordinate-conditioned network and differ
only in their per-scene tokens, with no volumetric rendering, explicit geometry, or
scene-specific encoders.

Figure 2-12: Linear interpolation in token space between two scenes. Shown are two
examples (rows) from different viewpoints; in each, the scene on the left smoothly
transitions through 10 interpolation steps into a different scene on the right, with
gradual changes in geometry and appearance.

structure together with diverse geometry and appearance, demonstrating that TNF
tokens provide an effective latent space for generative 3D scene modeling.

Token specialization. Figure 2-14 illustrates that even in 3D, individual tokens
tend to focus on distinct semantic parts of the scene. Each row corresponds to a
specific token, and columns show different car scenes from the SRN dataset. Notably,
despite being trained without supervision, tokens specialize in modeling particular
regions (e.g., roof, wheels, or headlights), demonstrating the emergence of structured

and interpretable token-space behavior in volumetric domains.

2.5 Conclusion and outlook

We introduced Tokenized Neural Fields (TNF), a unified framework for repre-

senting continuous signals through compact sets of learnable tokens optimized against
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Figure 2-13: Unconditional 3D scene samples from a Diffusion Transformer (DiT)
trained on compact (64 x 32) TNF scene tokens, decoded through the shared decoder.
The samples exhibit coherent multi-view structure together with diverse geometry
and appearance, demonstrating that the token space supports generative modeling of
3D scenes.

Figure 2-14: Visualization of token specialization in 3D. Each row corresponds to
a different token, highlighting the regions of the car it attends to across multiple
scenes (columns). The colored images on the left indicate the viewing angles of the
corresponding scenes.

a shared coordinate-conditioned decoder. Across 1D functions, 2D physical fields
(Navier-Stokes fluid dynamics and simulated black-hole imaging), ERA5 weather re-
analysis, 2D natural images, and 3D scenes, TNF achieves high-fidelity reconstruction
with substantially fewer parameters than encoder-based or global-latent baselines,
and outperforms grid-based tokenization in the sparse-observation regimes that are

characteristic of scientific data.

Our experiments highlight three properties: (i) parameter efficiency, with strong
reconstructions at significantly fewer representation and model parameters than
encoder-based pipelines (Figure 2-8). (ii) architectural decoupling, where a single

shared coordinate-conditioned decoder serves arbitrarily many instances through
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compact per-instance tokens. The decoupling separates dataset-level prior information,
absorbed by the shared decoder, from per-instance information carried by the tokens.
This lets TNF reconstruct signals robustly from highly sparse observations where
grid-based methods that have a more constrained prior degrade (Figure 2-4). (iii)
emergent structure, as tokens specialize to coherent regions of a signal without explicit
supervision (Figures 2-9, 2-14), yielding a token space that also serves as an effective

latent for downstream generative modeling (Figures 2-10, 2-13).

The framework also inherits limitations: per-instance adaptation requires gradient-
based optimization, which introduces inference-time latency relative to encoder-based
one-shot inference. While the proposed meta-learning approach offers faster infer-
ence, it may still benefit from stronger inductive biases within the gradient-based

optimization process through amortized inference strategies (e.g. Marino et al. [2018]).

An important potential direction for scientific applications is probabilistic inference
over the token space. In many scientific inverse problems the observation alone does
not pin down the underlying signal: a sparse set of weather stations is consistent with
multiple plausible high-resolution fields, a partially observed fluid state with multiple
coherent extrapolations, and a small set of viewpoints with multiple consistent 3D
scenes. Treating reconstruction as posterior inference over tokens, by combining the
TNF decoder with a learned prior over the token space, would enable posterior sampling,
uncertainty quantification, and plausible imputation in under-constrained regimes.
Amortized inference or conditional diffusion models trained directly in token space
are natural mechanisms for this, and our generative-modeling experiments on natural
images and 3D scenes provide first evidence that the token space is well-behaved for
such priors. This combination of compact, structured representations with token-space
probabilistic inference offers a path towards uncertainty-aware reconstruction and
analysis in the sparse and scattered observation regimes that characterize scientific

imaging and modeling.
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Figure 2-15: TNF: Our token-based coordinate-attention decoder. Each function f is
represented by a different set of tokens {7;}”", and can be evaluated at point = using
the decoder.

2.6 Appendix

2.6.1 Decoder Implementation

The decoder implementation is depicted in Fig. 2-15.

1D signals. For scalar functions f : R — R, the coordinate x is used as a scalar
query in a cross-attention module over the token set. The resulting embedding is then
decoded through several layers, and projected back to a 1D scalar output. Essentially,
the decoder is a mapping between a sequence representation to a continuous signal.

2D signals: fields and images. In order to represent 2D signals such as physical
fields or natural images (which can be seen as 2D fields of color), each coordinate
x = (u,v) € [0,1]* is used as a query into a cross-attention layer over the signal-specific
token set. The resulting attended feature is decoded by an MLP to predict the values.
This structure allows the model to generalize across instances while preserving spatial
precision via coordinate querying and instance adaptation via tokens.

High dimensional signals: light fields. Light fields [Sitzmann et al., 2021]
is a method to represent multiple views of 3D scenes. In this representation, pixels
from the different views are represented by a ray z = (o,d) € R® (camera origin and
direction). Essentially this is a continuous signal over a 6-dimensional space, mapping
the ray coordinate to a 3D color value. In our decoder, this ray representation is used
to query the token set via cross-attention. To reconstruct an image of a 3D scene from

a certain view, we query the model with the light field representation of all the pixels
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in the image. For each query, the output of the cross-attention is decoded into a pixel
color. This enables reconstructing images of arbitrary views of a 3D scene without
using geometry, encoders, or 3D grids. This method aligns closely with the 1D/2D

cases, showing that TNF supports fully flexible geometry-free rendering from tokens.

2.6.2 Cross-Attention Querying

Cross-attention enables dynamically extracting relevant content from the token set
into different locations in the continuous signal. Given a query coordinate z € R%

we compute:

Q = ¢g(x), QeR¥™
K= ¢k(T)> K e RV
V =0¢,(T), VeRVN*

Here, T € R¥*% jg the set of learnable tokens for an instance, d; is the token
dimensionality, dj, is the attention hidden dimension, and N is the number of tokens.

We then compute the scaled dot-product attention:

QK"
A = softmax | —=—
( Vi

Z=AV +Q, ZecRYXmn

)7 AeRlXN

The attention output Z is passed through a small final MLP to produce the
final prediction (e.g., RGB value or scalar signal). This querying formulation follows
the original Transformer attention mechanism Vaswani et al. [2017a], adapted to

continuous-coordinate domains through instance-specific token sets.

2.6.3 Experiment Details and More Results

This appendix provides implementation and optimization details for all experiments

presented in the paper. Across all domains, TNF represents each instance using a
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Table 2.1: Architecture and optimization details across domains. N; denotes the
number of tokens and d; the token dimension. CA denotes cross-attention blocks.
Unless otherwise stated, all final MLPs use sinusoidal activations. The 3D SRN
experiment uses ReLLU activations.

Domain Tokens Att. Dim Heads CA Token LR Net LR Final
MLP
1D GP 2x8 32 8 1 1073 1074 6 layers, hid.
64
1D  Sparse 4 x8 64 4 2 103 1074 2 layers, hid.
Wave 64
Black Hole 16 x 8 64 4 2 103 1074 2 layers, hid.
64
Navier— 16 x 8 64 4 2 103 1074 2 layers, hid.
Stokes 64
ERA5 20 x 8 64 4 2 103 107* 2 layers, hid.
Weather 64
CelebA 512 x 16, 256 8 2 2x107° 8x107* 6 layers, hid.
512 x 32 512
ImageNette 1024 x 32, 256 8 2 2x107° 8 x 107* 6 layers, hid.
1024 x 64 512
3D SRN Cars 512 x 32 512 8 8 1073 1073 8 layers, hid.
512

compact set of learnable tokens together with a shared coordinate-conditioned decoder.
The decoder parameters are shared across all instances, while only the tokens are
instance-specific.

Unless otherwise stated, coordinates are projected into an attention space and
queried against the token set through cross-attention layers. The attended features
are then decoded using multilayer perceptrons with sinusoidal activations. All models
are trained using Adam. Table 2.1 summarizes the architectural configurations and

optimization settings used across all experimental domains.

1D Gaussian Process Functions

We sample (N=1000) one-dimensional functions from Gaussian processes using either
RBF or Matérn kernels. Each function is observed at (M=400) coordinates sampled
over the interval ([-2,2]). We use an 80/20 train-test split.

During training, each function is represented by a learnable token set optimized
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jointly with the shared decoder. At every iteration, we randomly subsample 100 of the
400 coordinates for supervision. Training is performed for 300 epochs with batch size
4. At test time, the decoder parameters are frozen and only the tokens of held-out

functions are optimized for 150 steps.

Sparse Reconstruction of Continuous fields

For the sparse reconstruction experiments (1D Wave, Black Hole, Navier—Stokes, and
ERAD5), we employ the same meta-learning framework with 3 inner-loop adaptation
steps. TNF directly optimizes the token representations on sparse scattered observa-
tions, while the grid baseline first interpolates the sparse measurements onto a regular
grid before encoding. Detailed per-domain configurations are summarized in Table 2.1.

For all sparse experiments, the decoder consists of coordinate-conditioned cross-
attention layers with shared parameters across instances. Observation densities are

sampled dynamically during training.

2D Image Modeling

CelebA and ImageNette images are center-cropped and resized to (178 x 178) RGB
images. Detailed architectural and optimization settings are summarized in Table 2.1.

Both optimizers use exponential decay with factor 0.999.

DiT for 2D Token Generation

In our 2D generative modeling experiment, we train a DiT model [Peebles and Xie,
2023a] with 28 transformer layers, a hidden size of 1152, and 16 attention heads. The
model is optimized using AdamW with learning rate (10~%). The DiT operates directly
in the token space, learning to generate compact token representations which are then
decoded into images using the shared TNF decoder.

As shown in Figure 2-16, the generated samples (right) and their nearest reconstruc-
tions from the training set (left) exhibit clear visual differences, indicating that the

model generates novel and diverse outputs rather than memorizing training examples.
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Figure 2-16: Generated token samples (right) and their nearest training-set recon-
structions (left). The visual differences indicate that the model produces novel and
diverse samples rather than memorizing the training data.

Token specialization

To complement the results shown in the main paper, we visualize the full set of token
attention maps. Figure 2-17 displays the activation heatmaps of 16 tokens (rows)
across 12 test scenes (columns), highlighting how each token consistently attends to
specific regions. This reinforces the observation that token specialization emerges

naturally even without spatial supervision.

3D scene representation modeling

The ShapeNet SRN car dataset provides 3k scenes of cars, each has 250 images from
different camera positions split evenly to train and test. The scenes contain RGB
images of size 128 x 128. During training, we randomly sample a batch of B = 4096
rays from all training images per step. Optimization and architectural settings are

summarized in Table 2.1. Both optimizers use exponential decay with factor 0.999.

DiT for 3D Token Generation.

For 3D generative modeling, we use the same DiT framework as in 2D but with
12 transformer layers, a hidden size of 768, and 12 attention heads. The model is
trained directly in the token space to generate compact 3D scene tokens, which are
decoded by our shared decoder. Figure 2-18 compares generated samples with their
nearest neighbors in the training set, measured in token space. While neighbors share

coarse similarities, clear geometric and appearance differences remain, indicating that
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the model synthesizes novel and diverse scenes rather than overfitting to training

examples.
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Figure 2-17: Full attention heatmaps for 16 tokens (rows) across 12 test scenes
(columns). Each token consistently focuses on similar regions across different images,
demonstrating spatial specialization consistency.
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Figure 2-18: Generated token samples (right) and their nearest training-set neighbors
(left). The visual differences indicate the model generates novel and diverse samples
rather than memorizing the training data.
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Chapter 3

Flow Neural Processes: Efficient
Probabilistic Inference via

Amortized Probability Flows
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Abstract

Neural Processes (NPs) provide a flexible framework for learning distributions over
functions from sparse observations. Existing approaches often face a tradeoff between
expressive uncertainty modeling and efficient inference. We address this challenge with
a unified flow-based framework for Neural Processes. First, we introduce Flow Neural
Processes (FlowNP), which formulates conditional function generation through flow
matching and learn conditional probability flows over arbitrary context and target sets.
FlowNP enables coherent posterior sampling and likelihood estimation while achieving
state-of-the-art performance across standard NP benchmarks. However, sample
generation requires iterative ODE integration, resulting in increased inference costs.
To address this limitation, we introduce Direct Flow Neural Processes (D-FlowNP), a
step-amortized extension that learns large integration steps through self-consistency
objectives, enabling accurate posterior sampling with substantially fewer function
evaluations. We evaluate the proposed framework on synthetic Gaussian processes,
image completion, weather forecasting, Navier-Stokes simulations, and black hole
imaging. Across domains, FlowNP improves predictive performance and uncertainty
modeling, while D-FlowNP preserves sample quality under aggressive reductions in
inference cost, enabling efficient one-step and few-step generation. Together, these
results establish low matching as an effective foundation for Neural Processes and
demonstrate that inference-step amortization substantially improves their practical
applicability.

3.1 Introduction

Many scientific and machine learning problems can be formulated as probabilistic
inference over continuous functions. Given sparse observations, the goal is to infer
function values at unobserved locations while quantifying predictive uncertainty. This
setting arises in applications such as time-series forecasting, weather prediction, image
completion, scientific simulation, and spatial interpolation, where practical systems
require not only accurate predictions but also calibrated uncertainty estimates, diverse
posterior samples, and likelihood evaluation.

Gaussian Processes (GPs) [Rasmussen and Williams, 2006] provide a principled
Bayesian framework for probabilistic function inference by defining distributions
directly over functions. While GPs naturally provide uncertainty estimates, their
computational complexity limits scalability to large datasets. Neural Processes (NPs)

[Garnelo et al., 2018¢| address this limitation by learning distributions over functions
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from data, combining the probabilistic formulation of GPs with the scalability of
neural networks. Since their introduction, Neural Processes have become a flexible

framework for probabilistic prediction across a wide range of continuous domains.

Recent advances in flow-based generative modeling [Lipman et al., 2022] have
demonstrated that continuous probability flows can learn expressive probability dis-
tributions while supporting both sampling and likelihood evaluation. Motivated by
these developments, we introduce Flow Neural Processes (FlowNP), a framework
that formulates conditional function inference through context-conditioned probability
flows. Rather than parameterizing predictive distributions through latent variables,
FlowNP learns the velocity field governing the conditional probability flow, enabling
expressive posterior sampling, uncertainty quantification, and likelihood evaluation

within a unified framework.

The principal limitation of FlowNP is computational efficiency. Both posterior
sampling and likelihood evaluation require numerically integrating the learned proba-
bility flow, making inference cost proportional to the number of function evaluations.
This challenge is common to flow- and diffusion-based generative models and has
motivated extensive research on accelerated inference through improved numerical
solvers, consistency learning, and learned trajectory approximations. While these
approaches have achieved impressive acceleration for image generation, they have not

been explored in the context of Neural Process-based probabilistic function inference.

To address this limitation, we introduce Direct Flow Neural Processes (D-FlowNP),
a step-amortized extension of FlowNP that learns large integration steps directly.
Instead of relying solely on many small ODE steps during inference, D-FlowNP
learns to approximate long-range transitions along the probability flow trajectory,
substantially reducing the number of required function evaluations while preserving
predictive quality. The resulting framework combines the expressive probabilistic
modeling capabilities of FlowNP with the computational efficiency required for practical

deployment.

We evaluate the proposed framework on synthetic Gaussian processes, image

completion, weather forecasting, Navier—Stokes simulations, and black hole imag-
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ing. Across standard Neural Process benchmarks, FlowNP achieves state-of-the-art
predictive performance while providing expressive posterior sampling and likelihood
estimation. D-FlowNP further reduces inference cost by an order of magnitude while
maintaining predictive quality, enabling efficient probabilistic inference across diverse
continuous prediction tasks.

The contributions of this work are summarized as follows:

« We introduce Flow Neural Processes (FlowNP), a Flow Matching formulation
of Neural Processes for expressive probabilistic function inference, supporting

posterior sampling, uncertainty quantification, and likelihood evaluation.

o We identify iterative ODE integration as the primary computational bottleneck
in flow-based probabilistic inference and propose Direct Flow Neural Processes
(D-FlowNP), a step-amortized extension that learns large integration steps to

substantially reduce inference cost while preserving predictive performance.

o We provide an extensive empirical evaluation across diverse continuous prediction
tasks, demonstrating favorable trade-offs among predictive accuracy, calibration,

sample diversity, likelihood estimation, and computational efficiency.

3.2 Background

In this section, we briefly review Neural Processes and Flow Matching.

3.2.1 Neural Processes

Neural processes (NP) [Garnelo et al., 2018a,c]|, provide a framework for learning
distributions over functions from a dataset of sampled functions. Given such a dataset,
a model is trained to predict an arbitrary target set of points along a function, based
on a context set of observed points along the same function. More formally, if the

functions are defined as F = {f : X — Y}, models are trained to predict a conditional
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distribution over the target set:

pg <ytgt|xtgt’ {xctx7 yctx}) (31)

where 2°%* € XM and 2% € XV are the positions of the M context points and N
target points respectively, and y°** € Y™ and 38 € YV are the function evaluations
of these points y; = f(x;). X and Y can be of arbitrary dimensions. The context is
placed in ‘{}’ brackets for better readability.

This approach of modeling stochastic processes follows from Kolmogorov’s extension
theorem [Oksendal, 2003] stating that stochastic processes can be defined via a
collection of joint distributions over finite sets, p.,.. (Y1.,), if it meets two conditions:

exchangeability and consistency.

Exchangeability. This condition requires that all joint distributions over the sets

are equivariant with respect to permutations:

Pz1n (ylzn) = pﬂ(xl:n)(ﬂ-(ylzn)) = Par1y,.. nn) (yﬂ'(l),...,w(n)); (3-2)

.....

for any given permutation 7. Models that directly predict conditional distributions

such as in Eq. 3.1 should also be invariant to permutations in the context set.

Consistency. This condition requires that joint distributions are consistent with

marginalizations:

Pzi.m (yl:m) = /pafl:n (yl:n)dym—i—l:na V1 <m<n. (33)

For models that directly predict conditional distributions as in Eq. 3.1, this

translates to the following formulation of marginal consistency:

Do (yl:m’xlzmv {thxu thx}> = /p9 (yl:n|x1:n7 {thxv thx}) dym+1:n7 V1 S m S n,
(3.4)

and additionally, models should hold conditional consistency, i.e. the chain rule:

57



Do (y51+52|x81+s27 {}) = Po (ysl |$517 {$s2ay52}>p9 (?/52‘335% {}> ) (35)

for any two sets of indexes s! and s?. We note that while most NP models follow the
exchangeability condition, they do not fully guarantee that the consistency conditions

hold (see App. ?77).

3.2.2 Flow Matching

Flow matching [Lipman et al., 2022, Liu et al., 2022, Albergo and Vanden-Eijnden,
2022, Albergo et al., 2023] is a generative modeling paradigm that has recently achieved
significant traction. It is closely related to diffusion modeling and its appeal stems
from being both conceptually very simple and versatile.

The fundamental object in flow matching is a probability path p;(x) defined
over a continuous time parameter ¢ € [0, 1]. This path defines a smooth transition
between the two distributions po(z) and pi(x). Most commonly, pg(x) corresponds to
a simple tractable distribution such as a Gaussian, and p;(z) corresponds to a target
distribution which is defined only through samples from the training data such as
images.

In its simplest formulation, which we also adopt here, training is performed
by generating samples of a conditional probability path p(z;|x;) computed as an
interpolation ¢tz + (1 — t)xo between a data sample x; and a noise sample . Given
this sample, a model is trained to predict a conditional velocity u;(z¢|x1) = z1 — o,

using a squared loss:
L(0) = By, 10’ (20, 8) = w2 (3.6)

It can be shown that the expectation over x; results in the model approximating the
unconditional velocity w;(z;) = %xt defining an ordinary differential equation (ODE)
which can be used for both sampling and likelihood estimation.

For sampling, we first generate a sample from the noise py(xy) and then use an
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ODE solver to transform it into a sample from the data distribution p;(z;). To
compute the likelihood of a given sample x;, we employ the change of variable formula.
This involves transforming z; back to a corresponding noise sample from the tractable
distribution pg(zg), and then calculating the likelihood of xy while correcting for the

flow’s volume change with an estimate of the Jacobian trace.

3.3 Related Work

3.3.1 Neural Processes

Neural Processes (NPs) [Garnelo et al., 2018¢| were introduced as scalable neural
counterparts to Gaussian Processes, combining probabilistic function inference with
amortized neural prediction. Given a set of context observations, NPs learn a condi-
tional distribution over target function values, enabling uncertainty-aware prediction
across families of related tasks. Conditional Neural Processes [Garnelo et al., 2018a]
simplify the latent-variable formulation by directly predicting target values conditioned
on the observed context, while Attentive Neural Processes [Kim et al., 2019b] improve
context utilization through attention mechanisms. Subsequent work has further im-
proved Neural Processes through convolutional architectures [Gordon et al., 2019],
Gaussian predictive models [Bruinsma et al., 2021], autoregressive formulations [Bru-
insma et al., 2023], and Transformer-based architectures [Nguyen and Grover, 2023],

substantially improving predictive accuracy, scalability, and uncertainty estimation.

More recently, expressive generative models have been incorporated into the
Neural Process framework. Bootstrapping Neural Processes [Lee et al., 2020] improve
uncertainty estimation through resampling-based training, while Neural Diffusion
Processes [Dutordoir et al., 2023] and Diffusion-Augmented Neural Processes [Bonito
et al., 2023] introduce diffusion-based generative modeling for function-space prediction.
These methods demonstrate the benefits of combining Neural Processes with modern
generative models. Our work follows this direction, but replaces diffusion dynamics

with conditional probability flows and introduces a step-amortized formulation for
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efficient inference.

3.3.2 Probabilistic Modeling of Functions

Probabilistic inference over functions has traditionally been dominated by Gaussian
Processes [Rasmussen and Williams, 2006], which define Bayesian distributions directly
over continuous functions. Although highly expressive and well-calibrated, exact
Gaussian Process inference scales poorly with the number of observations, motivating
neural approaches that amortize inference across tasks. Neural Processes can be viewed
as learned, data-driven analogues of Gaussian Processes that replace hand-designed
kernels with flexible neural representations.

Beyond Neural Processes, several works have explored generative modeling directly
in function space. These include neural fields and implicit neural representations
[Dupont et al., 2021, Sitzmann et al., 2020a, Tancik et al., 2020b], as well as infinite-
dimensional diffusion models [Kerrigan et al., 2022, Pidstrigach et al., 2023, Bond-
Taylor and Willcocks, 2023] that extend score-based generative modeling to continuous
functions. Functional Flow Matching [Kerrigan et al., 2024] similarly studies flow-
based generative modeling over function spaces. Unlike these approaches, our work
focuses on conditional probabilistic inference, where predictions are conditioned on

arbitrary context observations rather than generated unconditionally.

3.3.3 Flow-Based Generative Modeling

Flow-based generative models learn continuous transformations that transport samples
from simple reference distributions to complex data distributions. Early normalizing
flows [Rezende and Mohamed, 2015, Durkan et al., 2019] achieved exact likelihood
evaluation through invertible transformations. More recently, continuous-time formula-
tions have become increasingly popular through Flow Matching [Lipman et al., 2022],
Rectified Flow [Liu et al., 2022], stochastic interpolants [Albergo and Vanden-Eijnden,
2022, Albergo et al., 2023], and related probability transport formulations. These

methods learn velocity fields that define probability flows while naturally supporting
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both sampling and likelihood computation.

Our work builds on Flow Matching by learning context-conditioned probability
flows for Neural Processes. Unlike previous flow-based generative models, which
primarily focus on targets with fixed dimensions, our objective is conditional proba-
bilistic inference of arbitrary dimensions applicable to function inference from sparse

observations.

3.3.4 Efficient Generative Inference

A major limitation of both diffusion and flow-based generative models is the computa-
tional cost of inference. Generating high-quality samples typically requires solving
an iterative denoising or probability-flow process involving many network evaluations.
Consequently, considerable research has focused on accelerating inference.

One line of work improves numerical integration through higher-order solvers,
multistep methods, and optimized sampling schedules [Lu et al., 2022, 2025, Zhao
et al., 2023, Frankel et al., 2025, Stancevic et al., 2025, Williams et al., 2024, Sabour
et al., 2024]. A second line modifies the training objective to enable fewer inference
steps. Representative examples include Consistency Models [Song et al., 2023] and
their extensions [Luo et al., 2023, Kim et al., 2024, Heek et al., 2024], as well as
Rectified Flow [Liu et al., 2022], which reduces trajectory curvature to improve the
accuracy of coarse numerical integration.

A complementary direction amortizes the ODE solver itself. More broadly, this
follows the general machine learning principle of replacing an expensive iterative
computation with a learned direct predictor, an idea that has previously appeared in
sparse-coding optimization [Gregor and LeCun, 2010] and discriminatively trained
image priors [Rosenbaum and Weiss, 2015]. Rather than relying on many small
numerical integration steps, these methods learn transition operators that directly
approximate the effect of larger integration intervals.

Such approaches are increasingly unified under the notion of flow maps [Boffi
et al., 2024, Sabour et al., 2025], which learn direct mappings between different points

along the same probability-flow trajectory rather than only the instantaneous velocity,
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enabling few-step or one-step generation. Existing flow-map methods differ primarily
in the objectives used to learn these transition operators. Shortcut Models [Frans
et al., 2025], which our work builds upon, condition the network on a desired jump size
At and enforce a self-consistency objective in which a single large step is trained to
match two consecutive smaller steps, effectively amortizing numerical integration. In
contrast, MeanFlow [Geng et al., 2025, Zhang et al., 2025] learns an average-velocity
field and relates it to the instantaneous velocity, while other flow-map formulations
enforce analogous consistency constraints between learned transition operators and
the underlying velocity field [Boffi et al., 2024, Sabour et al., 2025].

Our proposed Direct Flow Neural Processes extend this shortcut-based perspective
to context-conditioned probability flows for Neural Processes, substantially reducing
the number of function evaluations required for posterior sampling while preserving

predictive quality.

3.4 Flow Neural Processes

Our goal is to model conditional distributions over arbitrary context and target sets,
as defined in Eq. 3.1. We achieve this by learning a conditional probability flow over

the target values conditioned on the observed context.

3.4.1 The FlowNP Model

FlowNP is implemented using a Transformer [Vaswani et al., 2017b] that predicts the
conditional velocity field along the probability flow. The model operates on two types
of tokens: context tokens representing observed function values and target tokens

representing intermediate target values along the flow (Fig. 3-1).

Target tokens. FEach target token represents an intermediate target value together

with its spatial location and flow time:

token®s" = embed ([£8%, t, y,;5"1]). (3.7)
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Figure 3-1: FlowNP models the probability flow over target values conditioned on
observed context points. Context tokens remain fixed at the data distribution (¢ = 1),
while target tokens evolve along the probability flow. At each integration step, the
model predicts the target velocity field conditioned on the context.

Context tokens. Context tokens are constructed identically, except that they
always contain the observed function value and correspond to the data distribution
(t=1):

token®* = embed([z°™, 1, y*]). (3.8)

The output corresponding to each target token is projected to dim()) and inter-

preted as the predicted velocity field.

Training

Training follows the standard Neural Process protocol. For each function, random

context and target sets are sampled, and target values are interpolated with Gaussian

noise to obtain intermediate states along the probability flow:

y & =ty® + (=™, oy ~N(0, ). (3.9)
The model is trained to predict the conditional flow velocity v, (3% |yi®") =
Y18 — yo&° using the objective

L) =E {H”e(yfgt, £, a8t 2 y) — (%)

2} . (3.10)
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The expectation is taken over
[ FoAa ™ i ~ fo b~ U g™ ~ N
The complete training procedure is given in Alg. 2.

Inference

After training, FlowNP supports both posterior sampling and likelihood evaluation.

For sampling, target values are initialized from yg& ~ A(0,I) and evolved from
t =0 tot =1 using a numerical ODE solver. At each solver step, the velocity is
predicted as

~ o0, tgt tgt ,.ctx , ctx
Utwv(yt ,t,ﬂf » L » Y1 )

The sampling algorithm is provided in Alg. 3.

Likelihoods are computed by integrating the probability flow in the reverse direction,
mapping observations to the base Gaussian distribution. The resulting likelihood is
evaluated using the change-of-variables formula, where the Jacobian trace is estimated

with the Hutchinson estimator.

Running time. Compared to TNP, FlowNP uses only N + M tokens instead of 2N +
M because it does not require causal masking. Sampling complexity is independent
of the number of target points and depends only on the chosen ODE solver, whereas
TNP requires N autoregressive evaluations. The main computational disadvantage of
FlowNP is likelihood evaluation, which requires multiple ODE evaluations rather than

a single forward pass. Wall-clock comparisons are reported in Fig. 3-2 and Fig. 3-3.

Exchangeability and Consistency
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FlowNP is permutation invariant with respect to both the context and target sets,
satisfying the exchangeability requirement described in Sec. 3.2.1. This follows directly
from the Transformer architecture, which processes tokens as an unordered set and
does not rely on sequence-dependent positional encodings.

Consistency, however, is not guaranteed by the architecture itself. Nevertheless,
the Neural Process training procedure encourages both marginal and conditional
consistency by repeatedly sampling context and target sets from the same underlying
function, making the training objective a Monte Carlo approximation of the underlying
stochastic process.

As with previous Neural Process models, this guarantee remains approximate. CNP,
NP, and TNP satisfy marginal consistency (Eq. 3.4) but not conditional consistency
(Eq. 3.5), whereas NDP exhibits the opposite behavior. Additional discussion is
provided in Appendix 3.7.1.

Detailed implementation specifications for the shared FlowNP and D-FlowNP
backbone are provided in Appendix 3.7.5.

3.4.2 Experiments

Following the standard evaluation protocol of NP models, we compare conditional
sampling and conditional likelihood across three domains: synthetic 1D Gaussian
processes, image completion on EMNIST Cohen et al. [2017] and CelebA Liu et al.
[2018], and weather prediction on ERA5 Hersbach et al. [2020].

Unless stated otherwise, all experiments use the same FlowNP architecture, adapt-
ing only the input dim(&X’) and output dim()’) dimensions. The model consists of
a 6-layer Transformer with 128 hidden dimensions and 4 attention heads. We use
sinusoidal encodings of the input coordinates = and flow time ¢ with 10 frequencies
per dimension (40 for ERA5), where the encoding depends on the coordinates rather
than their order in the sequence. Sampling is performed using a 100-step Euler solver,
while likelihoods are computed with the 100-step midpoint solver of Lipman et al.
[2024]. Training and sampling algorithms are provided in Alg. 2 and Alg. 3 in the

appendix. Our implementation is based on the Transformer architecture of Nguyen
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and Grover [2023], and all experiments are performed on a single NVIDIA RTX4090
GPU.
The appendix includes additional CelebA experiments using a larger model, as well

as a modified sampling procedure that injects small amounts of noise during sampling.

Baselines. We compare FlowNP with CNP [Garnelo et al., 2018a], NP [Garnelo et al.,
2018c], ANP [Kim et al., 2019b], TNP [Nguyen and Grover, 2023], and NDP [Dutordoir
et al., 2023], using the implementations of Nguyen and Grover [2023] and Lee et al.
[2020]. To isolate differences in probabilistic modeling rather than architecture, we
implement FlowNP, TNP, and NDP using the same Transformer backbone. TNP
differs only in its autoregressive maximum-likelihood objective and causal masking,
while NDP is trained on unconditional joint distributions using a linear variance-
preserving diffusion objective that predicts denoised samples rather than flow velocities.
For a fair comparison, our NDP implementation omits the bidirectional attention used
in the original model and performs conditional sampling via guidance. Likelihoods for
both NDP and FlowNP are computed using the same probability flow ODE solver. On
the Fixed-Noisy RBF and Fixed-Noisy Matérn benchmarks, our NDP implementation
achieves higher log-likelihood than reported in the original paper.

Synthetic 1D functions We first evaluate FlowNP on the standard synthetic 1D
Gaussian Process (GP) benchmarks used by TNP Nguyen and Grover [2023] and
NDP Dutordoir et al. [2023], following the evaluation protocols of Lee et al. [2020]
and Bruinsma et al. [2021]. The first protocol consists of RBF (squared exponential),
Matérn—%, and Periodic kernels with randomly sampled hyperparameters. Evaluation
is performed on held-out functions using a random number of context and target points
between 3 and 47, with at most 50 points in total. The second protocol uses fixed RBF
and Matérn-2 kernels with Gaussian observation noise (o = 0.05), a random context
size between 1 and 10, and 50 target points. We refer to these datasets as Fixed-Noisy
RBF and Fixed-Noisy Matérn—g. Likelihoods for NP and ANP are estimated using

variational importance sampling Burda et al. [2015] with 200 samples, while NDP and
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Table 3.1: Comparison of log-likelihood computed on the target set for various 1D GP
datasets. We provide mean and standard deviation over five runs. FlowNP consistently
achieves state-of-the-art performance, outperforming or matching all other models
across all datasets.

MODEL RBF I\/IATERN—% PERIODIC rixep-Noisy RBF rixep-Noisy I\V’IATE/]RN—g
CNP 0.31 4 0.04 0.12 4+ 0.02 -0.63 £ 0.01 -1.00 + 0.02 -1.09 £ 0.01
NP 0.31 £ 0.04 0.13 + 0.05 -0.61 £ 0.01 -1.13 £ 0.02 -1.18 £ 0.01
ANP 1.10 +0.04 0.85 + 0.04 -0.89 + 0.04 -0.87 £ 0.03 -0.98 £ 0.02
TNP 1.65 +0.02 1.29 £ 0.02 -0.58 + 0.01 0.68 + 0.01 0.30 + 0.01
NDP 1.20 +0.04 0.94 £ 0.03 -0.54 £ 0.01 0.71 £ 0.01 0.27 £ 0.02
FLOWNP (ours) 1.69 £o0.02 1.30+£002 -0.50 £ 0.01 0.71 + 0.01 0.30 + 0.01

Table 3.2: Target log-likelihood (mean + standard deviation) on the EMNIST, CelebA,
and ERAb datasets. FlowNP consistently achieves the best performance.

MODEL EMNIST 0-9 EMNIST 10-46 CELEBA ERA5

CNP 1.27 £ 0.04 0.73 4+ 0.04 2.10 £ 0.01 4.06 + 0.06
NP 1.17 £ 0.03 0.92 + 0.02 2.53 4 0.03 3.35 £ 0.08
ANP 1.35 £ 0.02 1.18 + 0.01 3.24 +0.01 7.76 4 0.08
TNP 2.08 =+ 0.02 1.80 £ 0.05 3.95 £ 0.01 11.32 + 0.09
NDP 1.58 £ 0.02 1.47 £ 0.01 4.28 +0.04 6.76 + 0.07
FLOWNP (OURS) 2.50 + 0.01 2.42 £ 0.01 6.37 £ 001 12.79 + 0.03

FlowNP use the 100-step midpoint ODE solver.

Table 3.1 reports the mean and standard deviation over five runs with different
random seeds and evaluation sets. All baselines outperform their originally reported
results Nguyen and Grover [2023], Bruinsma et al. [2021] due to our hyperparameter
tuning (Appendix 3.7.2). FlowNP consistently achieves the best or tied-best log-

likelihood across all benchmarks.

Figure 3-2 provides qualitative comparisons on the fixed-parameter RBF and
Matérn benchmarks. ANP primarily represents uncertainty through local predictive
variance, whereas TNP, NDP, and FlowNP generate coherent posterior functions.
Compared to TNP, FlowNP generates all target points in parallel, producing smoother
samples with lower inference time. Compared to NDP, FlowNP performs conditional
sampling directly without guidance. Figure 3-15 in the appendix visualizes the

sampling trajectory.
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Figure 3-2: Samples from models trained on RBF (left) and Matérn-2 (right) kernels.
ANP captures uncertainty mainly through local predictive variance (shaded area),
whereas TNP, NDP, and FlowNP generate coherent posterior samples that capture
global uncertainty. Unlike NDP, FlowNP performs conditional sampling directly
without guidance. Unlike the autoregressive TNP, FlowNP generates all target points
in parallel, resulting in smoother and faster sampling.

Images. We next evaluate FlowNP on EMNIST Cohen et al. [2017] and CelebA Liu
et al. [2018], where the inputs X are 2D pixel coordinates and the outputs ) are
grayscale or RGB pixel values. Models are trained from randomly sampled subsets
of image pixels. For EMNIST, we train on the digit classes (0-9) and evaluate both
in-distribution and on the remaining character classes. Following Lienen et al. [2025],
Gaussian noise with variance 0.01? is added to the images to avoid arbitrarily large
likelihoods for continuous models.

Table 3.2 shows that FlowNP achieves the highest log-likelihood on both EMNIST
and CelebA, including the out-of-distribution EMNIST evaluation. Figure 3-3 com-
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Figure 3-3: Conditional EMNIST samples generated by TNP, NDP, and FlowNP from
70 observed pixels. FlowNP produces sharp and diverse samples while requiring fewer
function evaluations than TNP and no guidance for conditional generation, unlike
NDP.

pares conditional samples using 70 observed pixels. FlowNP generates sharp and
diverse samples while requiring approximately seven times fewer function evaluations

than TNP and avoiding the guidance required by NDP, resulting in faster sampling.

Weather data. To assess the performance of the FlowNP model in real-world
dynamic and multi-dimensional tasks, we use meteorological data from the ERA5
global dataset Hersbach et al. [2020]. We follow the setup in Holderrieth et al. [2021]
and extract data from a circular region with a 520km radius centered around Memphis,
USA. Each sample represents a weather snapshot at a single point in time during
the winter months from 1980 to 2018 and consists of 1245 grid points of multiple
meteorological variables: temperature, pressure, and two wind components (eastward
and northward). We split the data into 34K training samples and 17.5K evaluation
samples. Training is performed using the NP setup where X represents the 2D
longitude and latitude, ) represents the 4D meteorological variables, and random
subsets out of the 1245 points are used as the context and target sets.

The performance of FlowNP and the baselines are compared in Table 3.2, where
the target set log-likelihood is reported for each model. FlowNP outperforms all other
models.

For a qualitative evaluation, Figure 3-4 provides conditional samples of temperature
and wind directions generated by FlowNP on the ERA5 weather data. The figure

demonstrates how prediction quality scales with the size of the context set: the top
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Figure 3-4: Visualization of temperature and wind prediction using conditional samples
generated by FlowNP on two held-out data points from ERA5. The model generates
coherent samples based on the context points. As more context points are given
(bottom row) predictions become more accurate.

row, using fewer context points, shows predictions with a greater degree of error

compared to the bottom row, which is conditioned on a larger context set.

3.4.3 Analysis

We provide analysis of FlowNP compared to the autoregressive approach of TNP
and on different differentiating aspects compared to NDP. For more analysis on
running times, different ODE solvers and the number of ODE steps for log-likelihood
computation see Appendix 3.7.3.

FlowNP vs. TNP We consider the 1D step function, where the output changes
from y = 0 to y = 1 at a random point of z. This function was used in Neal [1998]
and Dutordoir et al. [2023] as an example that cannot be captured by Gaussian
processes. Here we show that an autoregressive transformer-based model like TNP
also cannot capture this function accurately. In Fig. 3-5 we show samples from TNP
and FlowNP. While TNP samples are noisy in the transition area, FlowNP samples

are sharp. The reason is that even though TNP can model complex distributions via
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the autoregression, it is constrained to Gaussians at every step. This is evident when
looking at the marginal distribution at x = 0, shown on the right of Fig. 3-5 for both
models. Comparing the marginal distribution of a single point with samples from the
entire function indicates that, even without a formal guarantee, FlowNP’s training

approximately preserves the consistency property (Eq. 3.4).

FlowNP vs. NDP We conduct an ablation study, summarized in Table 3.3, to

investigate three key aspects differentiating FlowNP from the NDP baseline:

1. The output of the network at each step (clean target data y;, noise yg, or flow

velocity y1 — o)
2. The noise schedule used during training v, = a;y1 + Biyo

3. Amortizing context conditioning vs. modeling joint distributions only and com-

puting conditional likelihoods through the joint/context ratio:
D <ytgt|xtgt’ {xctx7 yctx}> = Py <ytgt+ctx‘xtgt+ctx) /pe <yctx’xctx)

Our results show that using the flow velocity as the network output and conditional
optimal-transport noise schedule (cond-ot) yields superior performance across the
models. We note that training FlowNP only on joint distributions (flow:joint) and
using it to compute conditional likelihood through the joint/context ratio, achieves a
slightly higher likelihood than a FlowNP model that is trained conditioned on contexts
directly. This is perhaps expected as a model trained unconditionally dedicates its
entire capacity to modeling the joint data distribution, a less demanding task than
amortizing the conditioning on all possible context sets. However, this slightly higher
likelihood comes at a cost of requiring auxiliary methods to generate conditional
samples. In contrast, conditional training of FlowNP provides slightly lower maximum

log-likelihood but is inherently capable of direct, auxiliary-free conditional sampling.

Towards efficient inference. The experiments above demonstrate that FlowNP

provides expressive posterior modeling and strong predictive performance across a
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Table 3.3: Target log-likelihood for ablations on three aspects differentiating FlowNP
from NDP.

Model network output noise schedule conditioning ‘ RBF EMNIST
NDP clean: y; linear-vp: a; =t, By = V1—1t2 unconditional 1.204+0.04  1.5840.02
diffusion:clean clean: y; linear-vp: az =t,8: = V1 —t2 conditional 1.3840.01  1.64+0.01
diffusion:noise noise: yo linear-vp: ay =t,B8; = V1 — t2 conditional 1.3340.04  1.5640.01
flow:lin-vp velocity: y1 — yo linear-vp: at =t, Bt = m conditional 0.414+0.02  0.48+0.01
flow:poly2 velocity: y1 —yo  polynomial-2: oy = t2, 8y = (1 — t)2 conditional 1.0840.02  1.6040.02
flow:cosine velocity: y1 —yo  cosine: a = sim(%mﬁ)7 Bt = cos(%wt) conditional 1.224+0.02  1.80+40.01
flow:joint velocity: y1 — yo cond-ot: oy = ¢, 68t =1—1 unconditional | 1.7340.04 2.54+0.03
FlowNP velocity: y1 — yo cond-ot: ay =t,8: =1—1t conditional 1.694+0.02  2.50+0.01
Samples p(yH e = 0, 1))

Figure 3-5: FlowNP vs. TNP for a random step function. FlowNP samples capture the
sharp transition occurring in random positions, while TNP cannot model this function
as each step in the autoregressive prediction is Gaussian. On the right: the marginal
distribution of y predicted for a single point where z = 0 further demonstrates this
and highlights FlowNP’s capacity to capture multimodal distributions.

diverse range of Neural Process benchmarks. However, these gains come at the cost
of iterative inference. Both posterior sampling and likelihood evaluation require
numerically solving the probability low ODE through multiple network evaluations,
making inference substantially more expensive than direct prediction methods. While
this cost is acceptable for many applications, it becomes a bottleneck in scenarios that
require repeated posterior queries, such as Bayesian optimization, active learning, or

uncertainty-aware decision making.

To address this limitation, we next introduce Direct Flow Neural Processes (D-
FlowNP) in Sec. 3.5, which amortizes the integration process by learning large transi-
tions along the probability flow trajectory. This substantially reduces the number of
function evaluations required during inference while preserving the expressive posterior

modeling capabilities of FlowNP.
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Figure 3-6: a) D-FlowNP architecture. The model extends FlowNP by replacing
the original embedding module with a step-conditioned embedding (embed”), which
additionally receives the desired integration step size At as input. The remainder of
the architecture is identical to FlowNP. b) Training D-FlowNP via Step Amortization.
The model is trained to minimize the discrepancy between a single coarse step of size
2At (student) and two fine steps of size At (teacher). This self-consistency objective
Lstep is added to the standard flow matching loss, enabling the model to learn accurate
large-step transitions directly.

3.5 Direct Flow Neural Processes

3.5.1 Motivation

As shown in the previous section, FlowNP (Sec 3.4) models conditional distributions
over functions through a time-dependent probability flow, enabling expressive pos-
terior sampling and likelihood evaluation. However, inference requires numerically
integrating the learned velocity field from the base distribution (¢ = 0) to the posterior
distribution (¢ = 1). Consequently, generating a single posterior sample requires mul-
tiple evaluations of the network, making repeated posterior queries computationally

expensive.

Our goal is to retain the expressive posterior modeling capabilities of FlowNP
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while substantially reducing the computational cost of inference. Specifically, given an

ctx ctx)

arbitrary context set C = (z*,y t

and target locations x*8", we seek to generate
accurate posterior samples using significantly fewer function evaluations than standard
ODE integration.

To achieve this, we introduce Direct Flow Neural Processes (D-FlowNP), which
amortizes the probability flow itself by learning large transitions along the trajectory.
Rather than relying on many small numerical integration steps during inference,

D-FlowNP learns to approximate these larger transitions directly, enabling accurate

posterior sampling under a wide range of computational budgets.

3.5.2 Method

Step-Amortized Flow

While FlowNP amortizes vector field computation, inference remains slow due to
ODE integration, where using many small steps is accurate but costly, while fewer
large steps are faster but degrade sample quality.

To address this, we propose to extend the principle of amortization to the numerical
solver itself. Rather than relying on a generic integrator that is blind to the data
distribution, we amortize the integration step by explicitly conditioning the model on
the step size At.

Formally, we modify the network to accept the step size as an additional input:
vo(yc®, t, At, %€, C) (3.11)

This allows the model to predict a "corrected" velocity that accounts for the discretiza-
tion error inherent in a step of size At. In effect, the model learns to approximate
the transition operator y; — 3,4 a¢ directly. This enables the use of significantly larger
steps, requiring fewer function evaluations to cover the entire flow trajectory without

the degradation in sample quality associated with standard solvers.
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Training an Amortized Inference Step

In order to enable accurate inference with fewer integration steps, we adopt the

approach in Frans et al. [2025] and augment the loss to minimize the discrepancy

between a single coarse step of size 2At and two fine steps of size At in velocity space.

Concretely, we form a teacher velocity model as an exponential moving average (EMA)

of the student parameters vz, and use it to define a stable target consisting of two

steps of half the size.

Given a state y, at time ¢ and a step size At, we compute:

Vi—2 = U@(y:gtv t7 Ataxtgt7c)

tgt tgt

Yoar = Yio +Atwv_
Vg3 = Ué(y:ftma t+ At, Ataﬁtgt,c)

Utgt = % (V12 + va—3)
The student predicts the coarse step velocity
_ tgt tgt
V1—3 = Vg (yt ) ta QAt,.’L’ 7C> )

and we minimize the loss

2

Ltep(0) = Et,AtHvlfi’) - “SQ(Wgt)H2

where sg denotes a stop-gradient.

—~ —~ —~ —~
—_ —_
H~ w

~— ~— ~— ~—

(3.16)

(3.17)

By conditioning on At, the model learns to follow the flow manifold’s curvature

directly; as visualized in Appendix 3.7.4, this allows D-FlowNP to accurately ’shortcut’

the trajectory where standard solver steps would otherwise diverge.
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Figure 3-7: 1D Gaussian Process Regression. Posterior samples from FlowNP and D-
FlowNP conditioned on the same context sets. Rows correspond to different numbers
of inference steps T', equivalent to the number of function evaluations (NFE) for the
Euler solver used here. While FlowNP samples degrade into noise, lose coherence and
collapse to the mean at low NFE, D-FlowNP maintains higher-quality, smoother and
more diverse function samples even at 7' =1 (NFE=1).

Final objective. The step loss is combined with the standard FlowNP loss computed
with At = 0, namely Ly, = E {va(yfgt,t,o,:ctgt,C) — (y& — yggt)HQ}. Thus the

combined loss in training is:
L(0) = Lpase(0) + Lstep(6), (3.18)
Figure 3-6 depicts the training process of step amortization.

Implementation

Architecture and inference cost. The network backbone remains identical to
FlowNP, namely, a transformer network where each token encodes one context or target
point (z,y), we only modify the input layer’s projection dimension to accommodate
the scalar step size At.

Consequently, our inference-time procedure has the same computational cost as
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FlowNP for a given number of solver steps T, which corresponds to the number of
function evaluations (NFE) for the Euler solver used in our main experiments.

The only additional cost introduced by D-FlowNP occurs during training, due to
the extra forward passes required to construct the teacher-consistent step target in

Eq. equation 3.17.

Discrete step sizes. For step amortization, we restrict the integration step sizes to
a dyadic set
7
At € {1,%, i ﬁlg} = {2—"} (3.19)

n=0"

At each training iteration, we sample At uniformly from this set. Given a sampled

step size At, we sample the flow time ¢ on a grid that is compatible with the step,
t ~ U ({0, At, 2At,3A¢t, ..., 1 —2At}), (3.20)

so that both ¢ and ¢ + 2At¢ remain valid times in [0, 1]. This ensures the teacher
construction (two steps) is well-defined and avoids boundary effects near t = 0 and

t=1.

Training procedure. During training, each function uses randomly sampled (¢, At)
pairs as above. We optimize the combined objective £(0) = Lpase(d) + Lstep(d), where
Lpase corresponds to standard FlowNP training (implemented by setting At = 0 in
our parameterization), and Lge, trains the model to perform larger jumps using an

EMA teacher.

Inference procedure. At inference time, we choose the number of solver steps as
T =2"withn € {0,1,...,7} and use a fixed step size At = 1/T. We then integrate
from t = 0 to t = 1 using the same solver as FlowNP, but with the velocity field

explicitly conditioned on the chosen At.

More implementation details are available in Appendix 3.7.5.
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3.5.3 Experimental Setup

FlowNP D-FlowNP
T=1
T=2
T=4
T=38
T =16
T =232

Figure 3-8: CelebA Image Completion. Target predictions conditioned on sparse
context pixels. As the number of solver steps T' decreases, standard FlowNP produces
increasingly blurry samples and exhibits mode collapse. D-FlowNP preserves high-
frequency detail and sample diversity even in the single-step setting.

We validate D-FlowNP across four diverse datasets, spanning synthetic Gaussian
processes, natural images, and complex physical simulations. For each domain, we
compare D-FlowNP against a baseline FlowNP with an identical backbone architecture
to isolate the impact of the amortization objective. Detailed model configurations,
hyperparameter settings, and the full experimental codebase are provided in Appen-

dices 3.7.5— 3.7.10.

Gaussian Processes (GP) We first use synthetic datasets of functions sampled
from GP priors Rasmussen and Williams [2006] using RBF and Matérn-5/2 kernels.
For every function, N € [3,200] points are sampled from a latent mapping f : R! — R!
with randomized kernel hyperparameters. These points are partitioned into context
and target sets, testing the model’s capacity to quantify uncertainty and preserve

structural priors (e.g., smoothness) under variable-sized observations.

CelebA Images Following standard NP benchmarks, we treat the CelebA dataset
Liu et al. [2015] as a distribution of continuous functions f : R? — R® mapping

64 x 64 pixel coordinates to RGB values. During training, we sample context sizes n.
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FlowNP D-FlowNP

T=1
T=2
T=4
T=38
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T =232

Figure 3-9: Black Hole Imaging. Reconstruction of simulated black hole disks from
sparse data. D-FlowNP successfully reconstructs coherent and diverse ring structures
even at T' = 1, whereas the baseline samples degrade significantly with lower T'.

uniformly from [10, N/4] and target sets n; = N/3 from a shared random ordering.
This controlled overlap setup evaluates the model’s ability to maintain high-frequency

facial features and sample diversity.

Scientific Simulations We further assess the method on two 2D physical fields
(f : R? = R!) represented as 28 x 28 grids: (1) Navier-Stokes fluid velocity fields
Shi et al. [2025b] and (2) simulated Black Hole accretion disks Karras et al. [2025].
Both datasets consist of 30,000 samples. Following the GP partitioning protocol, we
evaluate the model’s capacity to preserve complex, non-Gaussian structures—such as
fluid turbulence or ring artifacts—while maintaining the physical consistency of the

sampled fields without the computational overhead of iterative ODE solvers.

Evaluation metrics We evaluate sample quality using metrics appropriate to the
available ground-truth information. For the GP experiments, where samples from the
true posterior are available, we measure distributional agreement using Maximum
Mean Discrepancy (MMD; lower is better), together with sample Precision and Recall
(higher is better), which quantify sample fidelity and posterior coverage, respectively.
For the Navier—Stokes and black-hole datasets, only one ground-truth target is available

for each context set. We therefore report Calibration Error, which measures agreement
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Figure 3-10: Efficiency-Quality Pareto Front (1D GP). D-FlowNP strictly dominates
numerical solvers at low NFE. It maintains high Recall (diversity) even at T' = 1,
whereas baseline solvers suffer from integration drift or mode-collapse.

between predicted and empirical uncertainty levels; Coverage, defined as the minimum
RMSE among the generated samples; Diversity, measured by the standard deviation
across samples; and a Coverage—Diversity Score that jointly rewards accurate and

diverse posterior samples. Full definitions are provided in Appendix 3.7.8.

3.5.4 Analysis
Sampling Quality

We evaluate the generative performance of D-FlowNP across varying computational
budgets T'. In standard FM models, reducing 7' introduces integration drift that
manifests as noise, blurriness, or mode collapse. D-FlowNP is designed to maintain

sample fidelity even at T'= 1 by learning the manifold curvature directly.

Low-Dimensional Regression On 1D GP tasks, baseline FlowNP samples exhibit
significant degradation as T' decreases; integration error causes trajectories to diverge
from the true posterior, resulting in noisy functions that violate the GP prior’s
smoothness (see Fig. 3-7). Furthermore, the sample variance artificially tightens,
underestimating uncertainty. In contrast, D-FlowNP produces coherent, smooth
samples with consistent predictive variance across all values of T', effectively correcting
for discretization error.

This degradation persists even when employing higher-order numerical solvers; as

shown in Appendix 3.7.7, while solvers such as Midpoint and RK4 improve trajectory
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accuracy at higher budgets, they remain unable to produce coherent samples at T' < 2,

whereas D-FlowNP maintains structural integrity.

High-Dimensional and Physical Fields Across image generation on CelebA and
physical domains such as Navier-Stokes and black-hole imaging, standard FlowNP
exhibits increasingly mean-seeking behavior as the number of solver steps decreases,
resulting in blurry samples and a loss of high-frequency structural detail. D-FlowNP
substantially mitigates this degradation, producing sharper and more diverse samples
even at T'= 1. As shown in Figure 3-8, D-FlowNP preserves fine facial details and
sample diversity in the low-T" regime, whereas FlowNP produces increasingly blurry
and over-smoothed completions. This improvement is also reflected in FID: at T' =1,
D-FlowNP achieves 64.65 compared with 115.42 for FlowNP, and at 1" = 2 it achieves
33.70 compared with 57.28; the complete results are reported in Appendix 3.7.6.
Similarly, in Figure 3-9, FlowNP tends toward sample averaging at low step counts,
while D-FlowNP generates a diverse set of coherent ring configurations. Additional
qualitative grids for CelebA, Navier—Stokes, and black-hole imaging are provided in
Appendix 3.7.6.

Quantitative Benchmarking and Tradeoffs

To evaluate the efficiency-quality tradeoff of flow amortization, we compare D-FlowNP
against a baseline FlowNP with standard numerical solvers (Euler, Midpoint, RK4)
and the Neural Diffusion Process (NDP) [Dutordoir et al., 2023] baseline.

Efficiency-Quality Pareto Fronts We characterize the relationship between com-
putational budget and generative quality using Maximum Mean Discrepancy (MMD)
and Precision/Recall metrics (Fig. 3-10). In the low-NFE regime (7" < 4), D-FlowNP
strictly dominates both iterative numerical solvers and the diffusion-based NDP. No-
tably, a single step (7' = 1) of D-FlowNP achieves lower MMD and higher Recall than
four steps (T = 4) of an RK4 solver, representing a fourfold improvement in inference

efficiency while preserving superior sample diversity.
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Cross-domain performance Figure 3-11 shows that the low-NFE advantage of D-
FlowNP extends beyond the 1D GP setting. On the 2D GP task, D-FlowNP maintains
low MMD together with stable Precision and Recall at one and two function evalua-
tions, whereas standard FlowNP solvers require substantially more steps to recover
comparable posterior coverage. On Navier—Stokes and black-hole imaging, D-FlowNP
similarly achieves substantially lower Calibration Error and Coverage—Diversity Score
in the low-NFE regime. It also maintains competitive best-sample Coverage while
avoiding the loss of sample diversity exhibited by the baseline solvers. These results
indicate that step amortization improves not only individual reconstruction quality

but also the calibration and diversity of the predicted posterior.

Inference Latency and Capacity Tradeoffs Beyond discretization steps, we
evaluate performance against actual wall-clock inference time to ensure the overhead
of step-conditioning is negligible. As shown in Appendix 3.7.9, D-FlowNP’s Pareto
dominance holds when measured in milliseconds, confirming its utility for latency-
sensitive applications. At very high budgets (T" > 32), we observe that higher-order
solvers like RK4 converge to slightly higher precision. This reflects an inherent
architectural tradeoff: since the backbone is identical, D-FlowNP must allocate a
portion of its representational capacity to learn the large-step shortcut mappings
in addition to the instantaneous velocity field. However, in the low-budget settings
often required for sequential decision-making loops, D-FlowNP provides the optimal

quality-to-speed ratio.

3.5.5 Application

We demonstrate the practical utility of our method on Bayesian Optimization (BO),
a sequential decision-making task involving inference in the loop, where the model
must repeatedly query the posterior in order to select the next evaluation point and
find the function’s minimum Garnelo et al. [2018c]. We employ Thompson Sampling,
drawing samples from the model’s posterior and choosing the next evaluation point as

the minimum value in the sample.
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(a) 2D GP Metrics

(b) Navier-Stokes Metrics

(c) Black Hole Imaging Metrics

Figure 3-11: Cross-domain efficiency—quality tradeoffs on (a) 2D Gaussian processes,
(b) Navier—Stokes reconstruction, and (c) black-hole imaging. Across domains, D-
FlowNP provides improved posterior quality in the low-computational-budget regime.

We evaluate the performance using the difference between the lowest evaluated
point and the true minimum (regret) and compare D-FlowNP against (1) FlowNP
(2) Random search - choosing the points at random which should serve as the upper
bound of regret, and (3) Transformer Neural Process (TNP) Nguyen and Grover [2023]
- a Gaussian baseline sharing the same transformer architecture as our flow models
but outputting a Gaussian distribution per point rather than a flow velocity. For TNP
we report results using both Expected Improvement (EI) and Independent Thompson
Sampling (ITS) by generating a sample for each point independently (which can

also be considered a stochastic version of UCB). In appendix 3.7.10 we also compare
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Figure 3-12: Bayesian optimization regret over 1D functions. On standard GPs,
D-FlowNP with a single step (T" = 1) performs similarly to the Gaussian baseline
(TNP) and generally outperforms FlowNP (7" = 1). On the Hidden Valley task, which
is designed to confound Gaussian predictors with a specific non-Gaussian posterior,
TNP with EI strategy fails completely, while D-FlowNP successfully identifies the
valley, and significantly outperforms TNP with Thompson Sampling and FlowNP-1
which are at random level.

Figure 3-13: Bayesian optimization regret on Navier Stokes Flows. D-FlowNP with
one sampling step (7" = 1) consistently achieves lower regret compared to both the
Gaussian baseline (TNP) and standard FlowNP with one step.

D-FlowNP with FlowNP in more detail, using various step counts 7' = {1,2, 4,16} for
both models.

On standard 1D GP regression tasks with RBF and Matérn-5/2 kernels (Fig. 3-12),
D-FlowNP generally outperforms FlowNP using one sampling step (see Fig. 3-24 for
more step counts). Compared to the Gaussian baseline TNP, the performance of
D-FlowNP is very similar. This is expected, as the true data generation process is
Gaussian, and thus the added expressivity of the flow is not strictly required.

To evaluate performance under non-Gaussian posteriors, we introduce a synthetic
"Hidden Valley" task designed to confound Gaussian predictors. The function exhibits
a rare, low-valued region that is difficult to identify without maintaining sufficient

posterior diversity. In this setting, Gaussian models fail to explore effectively, while
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FlowNP

D-FlowNP

Figure 3-14: A comparison of the first four steps of the Bayesian optimization process
on the Navier Stokes dataset using FlowNP and D-FlowNP with low step counts
(T = 2). FlowNP produces noisier, less coherent field predictions, causing Thompson
Sampling to suggest poor candidate points. In contrast, D-FlowNP generates coherent
predictions that allow the optimization loop to effectively target the minimum.

D-FlowNP successfully captures the underlying multimodal structure and consistently
identifies the valley (Fig. 3-12). Full details of the task construction are provided in
Appendix 3.7.10.

Finally, we evaluate performance on the Navier Stokes dataset (Fig. 3-13). D-
FlowNP with one sampling step consistently achieves lower regret than both TNP
and FlowNP with one step (see Fig. 3-25 for more step counts). To visualize this
difference, we examine the first 4 steps of the optimization process (Fig. 3-14). At
low step counts (7" = 2), FlowNP produces noisier and less coherent field predictions,
leading Thompson Sampling to suggest poor candidate points. D-FlowNP with T" = 2
generates coherent predictions that allow the optimization loop to effectively target the
minimum, demonstrating that amortized inference can unlock complex downstream

tasks previously infeasible for flow-based models.

3.6 Conclusion

We presented a unified framework for probabilistic inference over continuous func-
tions based on conditional probability flows. First, we introduced Flow Neural
Processes (FlowNP), which formulates Neural Processes through Flow Matching
to learn expressive conditional distributions over arbitrary context and target sets.
Unlike previous Neural Process formulations based on latent-variable or autoregres-

sive objectives, FlowNP enables direct posterior sampling and likelihood estimation
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within a single coherent probabilistic framework. Across Gaussian process regression,
image completion, weather forecasting, and scientific simulation datasets, FlowNP
consistently achieves strong predictive performance while producing coherent posterior
samples and well-calibrated uncertainty estimates.

We then addressed the principal limitation of flow-based inference: the compu-
tational cost of iterative ODE integration. To this end, we proposed Direct Flow
Neural Processes (D-FlowNP), which amortizes the integration process by learn-
ing large transitions along the probability flow trajectory through self-consistency
objectives. This substantially reduces the number of function evaluations required
during inference while preserving the quality and diversity of posterior samples. Our
experiments demonstrate that D-FlowNP maintains competitive predictive perfor-
mance even in the extreme low-NFE regime, enabling accurate one-step and few-step
posterior generation across diverse continuous domains.

Together, these results establish conditional probability flows as an effective foun-
dation for Neural Processes and demonstrate that inference-step amortization sub-
stantially improves their practical applicability. We hope this work encourages further
research on efficient probabilistic inference for Neural Processes and other continuous

generative models.

3.7 Appendix

The implementation in https://github.com/danrsm/f1lowNP contains the configura-

tions of all the models.

3.7.1 Consistency of NP Models

We discuss the consistency property of different models in more detail. The original
CNP and NP models use architectures that ensure that given a context, all target
points are predicted independently. This implies that consistency over marginalization
(Eq. 3.4) holds. However, the model structure does not guarantee consistency over

conditioning (Eq. 3.5) because computing the model conditioned on different contexts
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cannot be guaranteed to lead to consistent results that comply with an underlying
joint distribution.

TNP, which is based on a transformer performs best when it is used as an au-
toregressive model. In that case it does not comply neither with exchangeability nor
consistency, since even when using clever masking to make the model invariant to
the context order, the joint distribution of the target still depends on the ordering of
the autoregression in the target points. While the authors of TNP propose different
variants of the models that make it exchangeable and consistent with marginalization,
they lead to a significant drop in performance, and are still not guaranteed to be
consistent in terms of conditioning.

The reason that NDP is consistent over conditioning is that it only models joint

distributions and therefore computes conditionals using the conditional definition:

P (ytgt|l,tgt7 {xctx’ yctx}) = pp (ytgt+ctx|xtgt+ctx) /p@ (yctx|xctx)

However the full self-attention architecture leads to predictions of target points that
cannot be separated into independent factors and therefore cannot ensure consistency

over marginalizations.

3.7.2 Training and Sampling

The algorithms for training and sampling are provided in Alg. 2 and Alg. 3.

Fig. 3-15 provides a demonstration of the sampling process for 1D GP data by
visualizing the transformation from random noise to samples from the conditional
distribution of p(y*&%|x*8® {z™= y°t*}).

The hyperparameters of the baselines are tuned to improve their performance.
Namely, we find that for CNP and TNP no bound on the output variance is required,
while for the models trained by variational inference, NP and ANP, we set the output

variance bound to 0.05% and use 8 importance samples for training.
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Algorithm 2: Training

Algorithm 3: Sampling

input: dataset of functions F
repeat
fi~F
M,N ~U
T~ XM7 rtet ~ XN
thX — f’i(thx)a ytg‘t — fi(xtgt)
t ~U0,1]
yggt ~ N(Oa I)
y:gt — tytgt T (1 _ t)y;gt
tokens®** « {embedy([z°**, 1, y**])}
tokens®®® « {embedy([z®€*, t,7,5])}
Gy < up([tokens®™, tokens®8*])
L(0) + [l — (y*=° — yo*)|1?

input: context z°**, y°**  target positions x*€*

tokens®™* + {embedy([z°** 1, y°*])}

y*e ~ N(0,1)

0+ 1/n_steps

t+0

while £ < 1 do
tokens®8® « {embedy ([, ¢, y*8%])}
@y + up([tokens®™ tokens®8*))
ytgt — ytgt + 6/0/t
t—t+0

end while

output: predicted sample 18"

0 < update(VyL())
until convergence
output: trained parameters 6

3.7.3 Analysis

ODE solver We compute the likelihood using several different ODE solvers for the
FlowNP model on the RBF experiment. The results, presented in Table 3.4, show
that except for the Euler method which overestimates the likelihood, all other solvers

compute very similar values.

Number of ODE steps We run an ablation on sampling and log-likelihood evalua-
tion for different numbers of steps in the ODE solver using the midpoint method. For
GP-RBF data, the mean of 5 random seeds with different number of steps is presented
in Fig. 3-16. The standard deviation is 0.014 across all settings. This shows that the

evaluation plateaus after T=60 steps. We observe similar behavior for sample quality.

Running time Comparing the sampling time between FlowNP, NDP and TNP
using an NVIDIA RTX4090 GPU and 100 sampling steps for FlowNP: the time to
generate 1 sample in the GP experiment with 200 target points is 0.2sec for FlowNP,
0.5sec for NDP and 0.8sec for TNP. The time to generate 1 EMNIST sample with 748
target points is 4.6sec for FlowNP, 10.4sec for NDP and 72.6sec for TNP.
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t=0.25
t=20.5
t=0.75
t=209
t=0.95
t=0.98
t=0.99
t=1

Figure 3-15: A visualization of the sampling process, showing the intermediate values
y 8" for different time steps. Each column is conditioned on a different context and
each color represents a different random sample generated by FlowNP.
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ODE-solver log-likelihood

Euler 1.7941

Midpoint 1.6890

RK4 1.6856

Doprib 1.6857
Table 3.4: Comparing differ- Figure 3-16: Log-likelihood as a function
ent ODE solvers on the RBF of number of ODE steps, computed using
GP data. the midpoint ODE solver on the RBF GP

data.

3.7.4 Geometric Analysis

To verify that D-FlowNP effectively amortizes the ODE integration, we compare
its sampling trajectories against standard FlowNP in a 2-target Gaussian Process
setting. In standard FlowNP, using a small NFE (e.g., NFE = 1) forces the model
to use a large, locally linear Euler step. As shown in Figure 3-17, these linear steps
(red) fail to account for the flow’s curvature, causing the samples to diverge into
low-probability regions. In contrast, D-FlowNP (blue) is trained to predict the integral
over At directly. The visualization confirms that D-FlowNP learns a curved mapping
that stays on the high-probability manifold, explaining its superior performance and

diversity at low computational budgets.
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Figure 3-17: Comparison of Sampling Trajectories. We visualize the flow from the
prior (noise) to the posterior for a 2-target GP. Standard FlowNP steps (red) diverge
into low-probability regions when NFE is small due to the lack of curvature awareness.
In contrast, D-FlowNP (blue) learns to follow the curved manifold, enabling accurate
"shortcuts' in a single step.

3.7.5 Implementation Details for FlowNP and D-FlowNP

This appendix describes the implementation shared by FlowNP and D-FlowNP,
followed by the modifications specific to D-FlowNP. Both models use the same token
construction, attention mechanism, positional encoding, and Transformer backbone.
D-FlowNP additionally conditions the model on the integration step size At and is

trained with the step-amortization objective described in Sec. 3.5.2.

Token construction and context/target packing
We model each training instance as a set of context observations C = { (%, o)} Netx

tgt }tht

5 bimi - At training time, for each target location we

and target query locations 7 = {x

additionally provide a noised target value y'¢'(¢) along a linear interpolation between
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Gaussian noise and the ground-truth target value:
y () = ty"=(1) + (1—1t)y"™(0), y*™*(0)~ N(0,I). (3.21)

The velocity target for flow matching is v* = y'8*(1) — 3'¢%(0).
We build a single token sequence by concatenating context tokens and target

tokens:

_ ctx ctx tgt tgt
tokens = [T, .. T T T, ) (3.22)

Each token is an embedding of (position, auziliary scalars, value):
765 = MLPou (PE([xth, 1, 0)) | ygtx>, (3.23)

7% = MLPeyy, (PE([xtgt, t, At]) || y}gt(t)>, (3.24)

J

where || denotes concatenation. We explicitly append two scalars to each coordinate:
for context tokens we use (1,0) (a fixed marker), and for target tokens we use the
current ODE time ¢t and the solver step size At. This allows the model to condition

on both the integration time and the discretization used at inference.

Attention masking. We apply a causal-style block mask so that context tokens
cannot attend to target tokens, preventing leakage of target information into the context
representation. Optionally, for the independent-prediction setting we additionally
mask target-to-target attention (while keeping each target token self-visible) to enforce

per-target conditional independence.

Positional encoding

We use a fixed Fourier positional encoding (sin/cos) applied per input coordinate

dimension. Given a scalar coordinate u, we map it to:

PE(u) = {sin(wlu), o sin(wrw), cos(wiu), ... ,cos(wKu)}, (3.25)
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with K = %dim_posenc frequencies. For a vector coordinate (e.g. [z,t, At]), we
apply the encoding to each component and concatenate. In our implementation,
the frequency bank uses powers of two (scaled by 27), yielding multi-scale features
spanning low to high frequencies. The resulting encoded coordinate is concatenated

with the corresponding value y before entering the token embedder MLP.

Time conditioning and adaptive LayerNorm (AdaLIN)

Each transformer layer uses Adaptive Layer Normalization, where the LayerNorm
affine parameters are predicted from a learned time embedding. We compute sinusoidal
embeddings for both ¢ and At, project them with an MLP, and use the result as the

conditioning vector e € R%model:;
¢ = MLP;(emb(t)[[emb(At)). (3.26)

Within each transformer block, we use two LayerNorms with elementwise_affine=False.
A small modulation MLP produces scale/shift parameters for attention and MLP

sublayers:

(ﬁ}/attna ﬁattna Ymlp; ﬁmlp) = MLPmod(e)a (327)

and applies them as
AdaLN(h;v,8) =LN(h) © (1 +7) + 5. (3.28)
We use standard residual connections around attention and the feed-forward sublayer.

Transformer and MLP sizes

The model consists of: (i) a token embedding MLP that maps the concatenated PE(-)
features and y into dpodel, (ii) L Transformer blocks with multi-head self-attention and
AdaLLN modulation, and (iii) a predictor MLP that maps the final target-token states
to the output dimension d,. The embedding MLP contains emb_depth linear layers,

with a ReLU activation applied after each layer except the final one. Unless otherwise
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stated, the feed-forward hidden size is dim_feedforward, the number of attention
heads is nhead, the number of Transformer blocks is num_layers, and the dropout
rate is denoted by dropout. The model configurations used for the GP, Navier—Stokes,

and black-hole experiments are summarized in Table 3.5.

Table 3.5: Model hyperparameters used in all experiments.

GP Navier-Stokes Black Hole

dim_x 1 2 2
dim_y 1 1 1
dim_posenc 40 20 20
d_model 128 64 64
emb_depth 4 4 4
dim_feedforward 256 128 128
nhead 8 4 4
dropout 0.0 0.0 0.0
num_layers 8 6 6

D-FlowNP training objective

Training mixes two losses:

1. Flow matching: for a subset of batch elements, we sample ¢t ~ U({0,...,T —

1}/T) with fixed step size At = 1/T and regress the true velocity v* using MSE.

2. Step amortization: for the remaining batch elements, we sample a dyadic step
size At € {1, %, %, ...} and a valid ¢ such that ¢ + 2At < 1. A teacher model
produces a two-step velocity estimate (at t—t¢ + At —t + 2At), and the student

is trained to match this with a single step of size 2At.

The total loss is
L= Ebase + £stepa (329)

We use a fraction step_frac of batch elements for the amortization term. step_frac=0.25

for all experiments.
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CelebA (DiT-B backbone with At conditioning)

For CelebA we use a different architecture based on a DiT-B transformer backbone

Peebles and Xie [2023b].

How At is incorporated. In addition to the usual timestep embedding of t,
we embed the solver step size At with a second timestep embedder of the same

dimensionality and inject it through the same DiT conditioning pathway:
¢ = et) + ear(At), (3.30)

where e;(+) and ea(+) are two independent DiT-style timestep embedding networks
(MLPs). The resulting conditioning vector ¢ € R” is passed to every DiT block and
the final prediction layer, modulating their AdaLN parameters (scale/shift) exactly as
in standard DiT, but now conditioned on both ¢ and At.

Target /context token packing. We apply Fourier positional encoding to the

coordinates and concatenate with the token values:
h= Linear( [PE(*)[ly=] | [PE(x““‘)Hy“XD, (3.31)

then process the full sequence with DiT blocks conditioned on ¢. Only the first (target)

segment of the output tokens is used to form the final prediction.
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3.7.6 Qualitative Sampling Grids

We compare D-FlowNP with a baseline FlowNP using an identical backbone archi-
tecture, allowing us to isolate the effect of the amortization objective. In each figure,
the ground truth and observed context points are shown on the left, followed by four
independent samples from FlowNP and D-FlowNP at each inference budget. As the
number of solver steps T" decreases, FlowNP exhibits increasing blurriness, sample
averaging, and signs of mode collapse. In contrast, D-FlowNP maintains sharper
reconstructions, richer high-frequency detail, and greater sample diversity, including

in the single-step setting.

CelebA examples are presented in Figure 3-18, with FID scores across inference
budgets reported in Table 3.6. Figure 3-19 and 3-20 provide additional qualitative

results for Navier—Stokes fluid dynamics and black-hole imaging, respectively.

FlowNP D-FlowNP FlowNP D-FlowNP
T=1
T=2
T=4
T=38
T =16
T =32
T=1
T=2
T=4
T=28
T=16
T =32

Figure 3-18: CelebA Image Completion. Target predictions conditioned on sparse
context pixels. As the number of solver steps 1" decreases, standard FlowNP exhibits
increasing blurriness and mode collapse, while D-FlowNP preserves sharper high-
frequency details and maintains greater sample diversity, even in the single-step
regime.
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Table 3.6: FID scores on CelebA for varying number of solver steps 7" (lower is better).

Model T=1T=2T=4T=8 T=16 T =32

FlowNP 115.42 57.28 71.49 75.44 6581 43.72
D-FlowNP 64.65 33.70 67.06 74.18 64.64 41.49

FlowNP D-FlowNP FlowNP D-FlowNP
T=1
T=2
T=4
T=28
T =16
T =32

Figure 3-19: Navier-Stokes Fluid Dynamics. Posterior samples of fluid velocity fields
given sparse sensor measurements. D-FlowNP produces sharper reconstructions across
all values of T

FlowNP D-FlowNP FlowNP D-FlowNP
T=1
T=2
T=4
T=28
T =16
T =32

Figure 3-20: Black Hole Imaging. Reconstruction of simulated black hole disks from
very sparse data. D-FlowNP reconstructs coherent and diverse ring structures even at
T =1, whereas the baseline samples become increasingly averaged and degraded as T’
decreases.
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3.7.7 Qualitative Comparison with Higher-Order Solvers

D-FlowNP has the same computational cost per function evaluation as FlowNP
because they use the same architecture. For the Euler updates used by FlowNP and
D-FlowNP, each integration step requires one function evaluation. Midpoint and
RK4 require twice and four times as many function evaluations per integration step,
respectively. D-FlowNP is able to produce high-quality samples using only one or
a few evaluations, whereas standard FlowNP generally requires substantially more

evaluations to achieve comparable quality.

We visualize posterior samples for 1D GP tasks using Euler, Midpoint, and RK4

solvers compared against D-FlowNP.

As illustrated in Figure 3-21 and 3-22, while higher-order solvers (RK4, Midpoint)
converge to the true posterior more quickly than Euler as T" increases, they still exhibit
significant mode collapse and noise when T is very small (T = 1,2). In contrast,
D-FlowNP’s learned shortcuts allow it to generate high-fidelity, diverse samples even

in the single-step regime where traditional numerical solvers fundamentally fail.
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T=2
T=4
T=28
T =16
T =32

Figure 3-21: Comparison of solvers across NFE (Task A). Standard solvers (Euler,
Midpoint, RK4) fail to capture the GP smoothness and diversity at low 7', while
D-FlowNP remains robust.
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Figure 3-22: Comparison of solvers across NFE (Task B). Even higher-order methods
like RK4 require multiple steps to match the sample quality D-FlowNP achieves in a
single step.

100



3.7.8 Evaluation Metrics

We provide a detailed description of all evaluation metrics used in our experiments. We
distinguish between settings where ground-truth posterior samples are available (Gaus-
sian Process experiments) and settings with only a single ground-truth observation

(scientific datasets).

Metrics with Ground-Truth Posterior Samples (GP)

MMD? (Maximum Mean Discrepancy) Gretton et al. [2012]. Lower is
better. We measure the distance between the distribution of model samples {z;};_,
and ground-truth posterior samples using the squared Maximum Mean Discrepancy
(MMD) with an RBF kernel. The kernel bandwidth is selected via the median heuristic.
MMD captures discrepancies in both mean and higher-order statistics, reflecting both

sample accuracy and diversity.

Precision Kynkaidnniemi et al. [2019] (k-NN, £ = 5). Higher is better. Precision
measures the fraction of model samples that lie within the support of the ground-truth
distribution, estimated using a k-nearest neighbor (k-NN) manifold. High precision

indicates that generated samples are realistic and lie on the true data manifold.

Recall Kynkédnniemi et al. [2019] (k-NN, k£ =5).  Higher is better. Recall
measures the fraction of ground-truth samples that are covered by the model distri-
bution. High recall indicates good posterior coverage, while low recall signals mode

collapse.

Metrics with a Single Ground-Truth Observation (Scientific Datasets)

Calibration Error Gneiting et al. [2007]. Lower is better. We evaluate uncer-
tainty calibration by comparing empirical coverage to nominal coverage levels. For each
target point, we compute the empirical rank of the ground-truth value among S model

samples and estimate the coverage of central prediction intervals. The calibration
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error is defined as the average absolute deviation:

1

Al Z &(a) —af,

acA

where A = {0.05,0.10,...,0.95} and é(«) denotes empirical coverage. This metric

penalizes both under-dispersion (mode collapse) and over-dispersion.

Coverage—Diversity Score (CDS). Lower is better. We define:
. 1
CDS = minz; — yl = 55 3 i — 1,
Z?]

where y is the ground-truth target. The first term measures coverage (distance of
the closest sample to the ground truth), while the second term measures diversity
(average pairwise sample distance). This metric encourages models to produce at least
one accurate sample while maintaining sufficient diversity. CDS is a heuristic metric
designed to jointly capture accuracy and diversity in the absence of full posterior

samples.

Coverage (min RMSE). Lower is better. We compute the root mean squared

error (RMSE) of the best sample among S draws:
min RMSE(z;,y).
This metric reflects the best achievable prediction under the model posterior.

Diversity (Sample Standard Deviation). Descriptive. We measure the average
per-target standard deviation across S samples, aggregated over all spatial locations.
This metric quantifies the overall spread of the predicted posterior and is used to

detect mode collapse.

Summary. Together, these metrics disentangle distribution matching (MMD), Pre-

cision/Recall), uncertainty calibration (Calibration Error, Diversity), and best-case
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accuracy (Coverage), providing a comprehensive evaluation of posterior quality.
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3.7.9 Wall-Clock Inference Analysis

In addition to the number of function evaluations, we evaluate the efficiency—quality
tradeoff with respect to actual wall-clock inference time. Figure 3-23 reports MMD,
Precision, and Recall as functions of sampling time for the 1D and 2D GP tasks.
Because FlowNP and D-FlowNP use identical backbone architectures, their cost
per function evaluation is approximately equal. The advantage of D-FlowNP there-
fore arises from its ability to obtain high-quality samples using substantially fewer
evaluations. In both settings, D-FlowNP reaches low MMD at considerably lower in-
ference times than standard numerical solvers, confirming that its low-NFE advantage

translates into a practical latency improvement.

(a) 1D GP metrics versus wall-clock inference time.

(b) 2D GP metrics versus wall-clock inference time.

Figure 3-23: Wall-clock efficiency—quality tradeoffs on the 1D and 2D GP tasks.
D-FlowNP reaches low MMD while maintaining stable Precision and Recall at sub-
stantially lower inference times than standard FlowNP solvers, demonstrating that its
advantage in function evaluations translates into a practical latency improvement.
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3.7.10 Bayesian Optimization

Hidden Valley Task

To showcase the necessity of non-Gaussian posteriors, we introduce the "Hidden Valley"
dataset. This 1D function is explicitly designed to confound Gaussian predictors.
It consists of uniform noise U [—\/g, \/3] across the domain, except for five specific
locations. One of these is randomly chosen as the true valley with values in [—2.1, —1.9],
while the other four have higher values of [0.4,0.6]. Until the valley is observed, the
statistics consist of a mean of 0 and standard deviation of 1 everywhere. Consequently,
TNP fails completely on this task, performing no better than random search (or
even worse when using EI). In contrast, D-FlowNP successfully models the complex,
multimodal posterior required to identify the valley, significantly outperforming the

baselines including FlowNP with 7' = 1.

Figure 3-24: On standard 1D GP regression tasks with RBF and Matérn-5/2 kernels
and on the HiddenValley function, D-FlowNP generally outperforms FlowNP at low
step counts. While FlowNP with 4 steps achieves competitive results, reducing the
number of steps to 2 or 1 yields significantly higher regret.
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Figure 3-25: Regret on the Navier Stokes task comparing FlowNP and D-FlowNP
across varying computational budgets (T € {1,2,4,16}). The plots generally show
that D-FlowNP maintains lower regret at lower step counts compared to the baseline
FlowNP, validating that step amortization allows for efficient and effective sequential
decision-making.
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